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We find an infinite-dimensional free algebra which lives at large N in any SU(N)-
invariant action or Hamiltonian theory of bosonic matrices. The natural basis of this
algebra is a free-algebraic generalization of Chebyshev polynomials and the dual basis
is closely related to the planar connected parts. This leads to a number of free-algebraic
forms of the master field including an algebraic derivation of the Gopakumar—Gross
form. For action theories, these forms of the master field immediately give a number of
new free-algebraic packagings of the planar Schwinger—-Dyson equations.

1. Introduction

Recently,! we have studied the algebras of phase-space master fields in general
matrix models, obtaining in particular a number of new free algebras which
generalize the Cuntz algebra. Among these generalizations, our starting point in
this paper is the set of interacting Cuntz algebras®

B, = \/§Am = Fm(¢) + 1T,
Bv];z :Fm(¢) — T, (11&)
Emn ((b) = 2Cmn(¢) )

*E-mail: halpern@physics.berkeley.edu
aCertain powers of v/2 are scaled out here relative to the operators A and C of Ref. 1.
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BBl = Epp (1.1b)
Bl (E™YnBn =1 —10)(0], (1.1c)
Bn|0) = (0|Bf =0, m, n=1---d (1.1d)

which occur at large N in general bosonic matrix models, and may also occur in
matrix models with fermions. The fields ¢,, and 7, are the master field and the
reduced momenta respectively, and the operators F},, and E,,, are determined by
the potential. The Cuntz algebra is the special case of (1.1) obtained in the case of
matrix oscillators.

In the present paper, we will generalize these algebras in two directions. First, we
recall that the “fifth-time” formulation (see for example Ref. 2) maps any Euclidean
action theory into a higher-dimensional theory® with a Hamiltonian formulation.
This allows us to read Ref. 1 as a unified free-algebraic treatment of action and
phase-space master fields (see Sec. 2). The unified formulation includes and extends
Haan’s® early free-algebraic formulation of action master fields, and one sees in
particular that the interacting Cuntz algebra (1.1) occurs in the same way for
action and phase-space master fields. The operators F,, and E,,, of the algebra
(1.1) are straightforward to compute explicitly for the action case.

The second direction is the main subject of this paper. For action and/or phase-
space master fields, the interacting Cuntz algebra can be extended to an infinite-
dimensional free algebra (see Secs. 3-6), whose structure, especially in the action
case, controls the large N theory. The annihilation operators of this algebra are
defined as composites of the interacting Cuntz operators

Bw:B“’:Bml...an7 w
By =B" =B, -Bn,, W

my-my, |(w=n, (1.2a)

My My, [0]=n, (1.2b)

where w is any word, composed of letters m;, and [w] is the length of w. When a
word w is written as a subscript it is a label but when written as a superscript it
is to be read as an exponent, producing an ordered product, as in (1.2a). The null
word is 0, with [0] = 0 and B = 1. This word notation, and the rule

!’

ww' =my - mumy-oml, [ww'] = [w] + [w'] (1.3)

will be followed uniformly below.
Surprisingly, the composite annihilation operators (1.2) and the corresponding
creation operators turn out to be linear in the reduced momenta 7,,,

Bw = Finw(®) +immGuw(9) BmJ = me(‘ﬁﬁ — Gy (P)mm (1.4)

and this fact underlies the simple form of the infinite-dimensional free algebra below.
The operators G, and F, can be obtained in terms of F,, and E,,, (see Sec. 3),

bTn an evident parallel with the AdS/CFT correspondence,3~ the fifth-time formulation also gives
the large N action theory as a classical solution of the higher-dimensional theory (see Subsec. 2.1
and App. A).
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and G, F, turn out to be free-algebraic generalizations of Chebyshev polynomials
(see Subsecs. 3.2 and 3.3).
The infinite-dimensional free algebra is then
BBy = Byw s BwTBw/T = Bw/u],L y (153,)
Bmwanw’ = Gmenw/ - GtDanw’ ; (15b)
B, (B mnBuw = By Gy + GoBuy — Gow — G|0){(0|Gyr,  (1.5¢)

T_ * T
Bmw‘an’ - (Bmw” w w,nw T fw”,w’,m,anw” )

"

+ Epwinw (8) (1.5d)
By |0) = 64.0[0), (0|B, = (0|60, (1.5¢)

where Epup nw (@) and the structure constants f will be given in Sec. 6. The inter-
acting Cuntz algebra (1.1) is a subalgebra of (1.5), and (1.5b) includes a new relation
for Bl B,,. In the case of oscillators and/or free action theories, the Cuntz algebra
itself is a subalgebra of the infinite-dimensional algebra (see App. B).

The creation operators of this algebra provide us with a natural basis

B,f10) = Ga(9)|0) (1.6)

comprised of the G,,’s themselves, and the dual basis, orthonormal to (1.6), turns
out to involve the planar connected parts X, in a very simple way.

This leads us to a number of forms of the master field (see Sec. 7), including
the basic form

(bm = ZmeGw((b) (1.7)

and the dual basis form
d)m :d)In :Bm(l'f'X(B]L)) ) Bm = (Eil)mana (18)

where B and B satisfy a Cuntz algebra and X (BT) is a generating function of
planar connected parts. The dual basis form (1.8) is the Hermitian counterpart of
the non-Hermitian form obtained diagrammatically by Gopakumar and Gross.” We
also give the forms of the master field in terms of the planar correlators and the
planar 1PI parts.

For action theories, these forms of the master field immediately give a number
of new free-algebraic forms (see Sec. 8) of the planar Schwinger—Dyson equations,
including, surprisingly, the basic form (1.7) itself and the dual basis system

Bl, 4+ Emn(B(1+ X))Bn = G (B(1 + X)) (1.9)

both of which can be used for computation of the planar connected parts. Systems
similar to (1.9) follow for the planar correlators and the planar effective action, and,
although they are packaged differently, these systems (including (1.9)) are closely
related to the free-algebraic equations derived diagrammatically in Ref. 8.
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We conclude that the interacting Cuntz algebra (1.1) and the infinite-
dimensional free algebra (1.5) provide an algebraic framework which underlies and
extends much of what is known about large IV, and we are optimistic that these
algebras will provide a foundation for the future study of the master field.

2. Unification of Action and Phase-Space Master Fields
2.1. Fifth-time formulation and Euclidean quantum field theory

We consider a general SU(N )-invariant matrix model with Euclidean action S
Moy =t [(e)e 16w, n= [(do)e, (212)

S:NTr[:s(\%ﬂ, PU=¢™ g™ m=1---d (2.1b)

and follow the fifth-time formulation? to interpret the model as a quantum system,
with a (fifth time) Hamiltonian formulation, in one higher dimension. The resulting
picture is a pedestrian version of operator Euclidean quantum field theory.

In the Hamiltonian formulation, the matrix fields ¢™ are operators and the
action averages are reinterpreted as ground state averages:

1 _s
(Trg®) = (O] Trg®[0.),  [0.) = do(¢) =n~ze 2, (2:2)

where the dot in the (unreduced) ground state follows the notation of Ref. 1. We

may also introduce momentum operators and equal fifth-time commutators as

19

m o _ LA el I 9 L Y 2.3
W= a9l =i b, (2:5)
( ?;)]L: g;bﬂv (”T:;ﬁ:ﬂg;? r, s=1---N (23b>

and, following Ref. 1, we use the momenta to construct matrix creation and anni-
hilation operators

B™ = \2AT = F" 4 inx™ B™|0.) =0, (2.4a)
(BTm>Ts = \/i(ATm>TS = Fy —m, <-0|(B]Lm>rs =0, (2.4b)

1 08
Fm=— . 2.4c¢
20¢m ( )

Reference 1 also tells us that the quantities
E™N — 90™mn — [Bm (B’m)t ] _ 028 (2 5)
rSs T8 rtr S 8¢?28¢)?_t .

will be useful at large N.
As for the fifth-time Hamiltonian itself, we may choose any of a very large
number of operators, for example

1
Hs = Te(B™B™),  Hsl0.) =0 (2.6)
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so long as the choice provides us with a healthy Hilbert space and its ground state
is [0.) in (2.2). The equal fifth-time averages of any such higher-dimensional sys-
tem will be the original Euclidean action averages, and, moreover, the large N
action averages are controlled by the phase-space master fields,! which are clas-
sical solutions of the higher-dimensional theory. The parallel with the AdS/CFT
correspondence® 3 is clear, if only we are clever enough to choose both an interesting
action theory and an interesting higher-dimensional extension. Except for a simple
example based on (2.6) in App. A, further consideration of this issue is beyond the

scope of the present paper, and we will not choose any specific form for Hs here.

2.2. Reduced formulation

We may now go over to reduced states and operators for the large N action theory,
drawing heavily on the results of Ref. 1. Important relations given there include

ol (=) i) = volavio) = N(o). (27)

where ¢, is the master field, ¢* are products of the master field in the word notation
(1.2a), and the undotted vacuum is the reduced ground state. The reduced equal
(fifth) time algebra involves the tilde operators introduced in Ref. 1

[bms Tn] = [Gms Tn] = i6m,n[0) (0], (2.8a)
(G ] = [, 7n] =0, (2.8b)
[P, Tm] = i(d — 1+ [0)(0]) (2.8¢)
A = dm, T =T, (2.8d)
Pml0) = Gm|0),  Fm[0) = mm|0), (2.8e)

where the operators 7, are the reduced momenta.
The reduced creation and annihilation operators corresponding to (2.4) are

B = V24, = Fo(¢) +imm, Bl =vV2Al = F,.(¢) — imp . (2.9)

These operators satisfy the interacting Cuntz algebra®
BBl = Epnn(¢) = 2Cma(9), (2.10a)
Bl (E™ ") mnByn =1 —10)(0], (2.10b)
Bm|0) = (0|B], =0 (2.10c)

at equal (fifth) time, as well as the relations

(B, By] = [B},,B}] =0, (2.11a)
[6p, BnBi] =0, (2.11b)
B B}|0) = 2i[ftn, Fin]|0) = 2Cnn()0) = Emn(¢)[0), (2.11¢)

which will be useful below.
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It should be noted that Haan’s® Euclidean master field relation appears in our
notation as

(Fm +i7m)[0) = 0. (2.12)

Although this relation follows from (2.8e), (2.9) and (2.10c), the operators Fy, +i7y,
do not satisfy any simple algebra.

2.3. Sharpening a tool

In Ref. 1, the BB relation (2.10a) was proven by analysis of the ground state wave
function (and follows from (2.2) in the action case), but a conjecture was offered
which would give this result directly in the reduced operator formulation. Here we
prove this conjecture, assuming only the completeness of the basis ¢*|0).

Theorem.
If [X,ém] =[Y,m] =0, ¥Ym and X|0) =Y|0), then X =Y . (2.13)
Proof . Introduce the complete set of states
w) = ¢*|0) = ¢*|0) (2.14)
and follow the steps
X|w) = X¢”|0) = $”X|0) = $”Y[0) = Y$”|0) = Y|w). (2.15)
In practice, this theorem can be read as
[fm: O1(6,m)] =0, Vm — Oi(¢,7) = Oa2(9), (2.16a)
01(¢,m)[0) = 02(9)[0), (2.16b)

where O3 (¢) is determined by the ground state condition (2.16b). This is the form
conjectured in Ref. 1. As a first application of this theorem, the relation (2.10a) of
the interacting Cuntz algebra follows immediately from (2.11).

2.4. Action examples
Using Apps. C and E of Ref. 1, and in particular the results,

(E™™) __o5 = B™(B'™) (2.17a)
T Bgpagy N T -

Shiee m

we may compute the operators F,,, and E,,,, of the interacting Cuntz algebra (2.9)
and (2.10) for any action:
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(1) Standard one-matrix model
m? A
=Tr( —¢* + =0 2.1
S r<2¢)+4N¢>>, (2.18a)

F=2(m*4268%), E=m’+\(¢)+ ()6 + ). (218h)

(2) General one-matrix model

N SE e 150

0 00 n—2
F= % > 8", E=D 8, Y (¢Me¢r 2. (2.19b)
n=1 n=2 m=0

(3) Two-matrix model

2 2
5 =T |G+ OV + @)+ @) 00| (2200)
F = %(mffm + M@t +gd2), Fo= é(m%qb + X203 + g1) (2.20b)
By =mi+M(¢7 + (¢1)d1 + (¢7)), Erna=gy, (2.20c)
Esy =m3 + Aao(¢5 + (¢2)d2 + (83)), Eo1=g. (2.20d)

(4) General action

S = N%:Sw Tr K%)w] (2.21a)

széiszw > 6 Em=3Sw 3 @967, (2210)

w=umuv w~nuUmY

where the notation w ~ w’ means that the two words are equivalent under a
cyclic permutation of their letters.

For actions with even powers of ¢ only, we may set the odd vev’s to zero. We
also find that the simple forms

E, = Fo(dm), Epn = En(¢m)0mn (2.22)

follow for matrix models of independent matrices (free random variables®). The
special case of free actions and/or oscillators (which give the Cuntz algebra) is
discussed in App. B.

3. Annihilation Operators

In Secs. 3-7 below, action and phase-space master fields are discussed on an equal
footing.
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3.1. Linear in w

We turn now to the construction of the infinite-dimensional free algebra, beginning
with the composite annihilation operators B,,:

By =B"Y =By, B, - Bm,,, Buw|0) =3d4,]0). (3.1)
These operators automatically satisfy the product rule
BBy = By (3.2)

and moreover we find with (2.8) and (2.10c¢) that

[6p: Bin] = =0,,m[0)(0] , (3.3a)

(6o Bimn] = —0p,m|0)(0[ By = —8,m[0) (0]2F(9), (3.3b)

(0&(@)mm = (O{[E(9), mm] — iFm(9)E()} = (0lm(9) (3.3¢)

where the operators &,,(¢) are determined in principle as in Ref. 1. It follows that
(6, Binw] = —0p,m|0)(0]Buw = —05,m[0)(0]G (9) , (34)

where the operators G,, are to be determined. The theorem in (2.13) then tells us
that the annihilation operators are linear in the reduced momenta 7,

Brw = Fw (¢) + 1T G (¢) , (3'53)
Go=1, G = 2F,,, (3.5b)

where the operators F,, are also to be determined. In what follows, we will discuss
this surprising result from a number of viewpoints.

3.2. Determination of F,, and G,

In this subsection, we give an independent inductive proof of the formula (3.5a)
which also determines the coefficients F,, and G, recursively in terms of the known
operators F,, and F,,,.

To begin, we rewrite the interacting Cuntz relation (2.10a) in terms of reduced
momenta, using (2.9):

BB}, = Emn(¢) ¢ Tinn + imtm Fyy — iFTn + FnFyy — Egp = 0. (3.6)

The 7 form of this relation will be called the first master constraint below. It allows
us to eliminate 7,7, in favor of terms linear in 7, and hence to verify for example
that B, = BBy, is indeed linear in 7. A proof by induction then starts with

Bman - anw <~ (Fm + Z'/Tm)(an + Z.'/Tn(;’w) - anw + iﬂ-man ) (37>

where we have assumed the form (3.5a) and the left side of (3.7) is a special case
of (3.2).
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Using (3.6) in (3.7), one then obtains the recursion relations
Gmw = Fw + FGy (3.8a)
Frnw = Fin(Fnw + FrGyw) — Enn G (3.8b)

which can be rearranged into the more useful forms
Grnw = GmGnw — EnnGu , (3.9a)
Frw = G — FnGoy - (3.9b)
These relations are easily iterated to any desired order, and we list here the results
Go=1, Gn=2F,, Gun,=GnG,— E,,, (3.10a
Gmnp = GmGnGp — G Epp — EnnGp (3.10b
Grmnpg = GmGrnGpGq — GG Epg — G EnpGq — EnnGpGy + EmnEpg,  (3.10c
Fon = 2F0Fy — Epin s Founp = 4F FyFy — Fy By — 2, F, (3.10d

)
)
)
)

for the first few words of F' and G.
More generally, the recursion relations can be used to prove the following
properties:

Gl=Gs, F,=GCom—GaFn, (3.11)
1
= = w .12
g 1 — am G (@) + Qman Emn (@) zw: " Guld), (812)
(1= amFn(9)G=> a“Fu(¢), Fo=1, (3.12b)
Gmenw’ = Gwmnw’ + GwEmnGw’ . (313)

Here a,, (with products o) is a free-algebraic source or “place marker” whose
only property is that it commutes with ¢, and m,,.

The generating functions (3.12a) and (3.12b) show that G,, and F, are free-
algebraic generalizations of Chebyshev polynomials (see also Subsec. 3.3 and
App. B).

We also mention the relations

Bpw = _BInGw + Grmw ; B wT = —GgBm + Gam (314)

which are a useful alternative to the basic equation (3.5a), and the relations
Guwmn = GumGn — GuwEmn, Go=1, Gpn=2F,, (3.15a)
men :meGn_FwEmn7 FO = 17 Fm = 1Fm (315]3)
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which show a complete symmetry of the recursion relations for G,, and F,,, except
for their initial conditions. The relations

TmGw|0) = 1Fpny|0)

(3.16a)

Bv]:nGw|O> = Gmw|0> ’
[1Tms Grw]|0) = EpmnGl|0), (3.16b)
[70ms Fu]|0) = Cron(4)]0) (3.16¢)

also follow from the discussion above. The relation (3.16c), which is a special case
of (3.16b), was given in Ref. 1.

3.3. One-matrix models

In the case of general one-matrix (action or Hamiltonian) models the operators F
and E commute, and w — [w], giving the simpler forms

Gn+2 = GlGn+1 - EGn, Go = 1, G1 = 2F, (3.17&)
Foi1=Gp1 —FG,, Fy=1, Fi=F, (3.17b)

n Si 1 n
G, =E> M F, = E= cos(n#), (3.17¢)

sin 6
VE F
=~ —"sinf, cosl=—, E=20=F?+n2p?, 3.17d
p=— 75 P ( )
GmGn= Y E'Guin (3.17e)
k=0

which include the Chebyshev polynomials themselves in (3.17c). The finite oper-
ator product expansion in (3.17e) follows immediately from this form. According
to Ref. 1, the quantity p in (3.17d) is the ground state density of the action or
Hamiltonian system.

Another special case with simplifications is that of many oscillators and/or free
actions (see App. B).

3.4. Master constraints

Using (3.5a), the composition law

ByrwBn = Bumwn (3.18)

can be written out in two equivalent forms, called the master constraints,
TmGuowTn + iTmFrw + Fow(—iTn) + Frwn — FowFn =0, (3.19a)
B! GwBn = Bl Gun + GrmwBn — Grwn (3.19b)

and (3.19a) contains the first master constraint (3.6) as the special case when w = 0.
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More generally, the form (3.19a) of the master constraints allow us to eliminate
quadratic forms 7, G, 7, in favor of forms linear in the reduced momenta, and
similarly for B G, B, in (3.19b).

In Hamiltonian theories, constraints are constants of the motion and the first
master constraint, which is equivalent to BmBIL — E,n = 0, was noted as a set
of d? constants of the motion in Ref. 1. It is shown in App. C that all the higher
master constraints are in fact composites of the first master constraint, so there are
no new independent constants of the motion in this list.

4. Creation Operators
4.1. Creation operators and the natural basis

The creation operators of the infinite-dimensional free algebra are defined as the
Hermitian conjugates of the annihilation operators

B, =B ---Bl =B, (4.1a)
By = Frnu(®)' = iGa(@)Tm, (4.1b)
(0|B,| = (0]6w,0 (4.1c)
and therefore satisfy the product rule
BB, =8B, (4.2)

The set of all these creation operators on the ground state is a natural complete!
basis, and we see from (3.9b), (3.16a) and (4.1b) that this basis can be expressed
in terms of the polynomial G,,’s as

(Bz)'10) = BT *|0) = BT |0) = Gu()[0), (4.3a)

<Gw(¢)> = 511),0 . (43b)

In what follows, the states on the right and left of (4.3a) will be called the natural
basis and its operator form respectively. Further discussion of completeness is given
in Subsec. 5.4.

4.2. BB relations
Using (3.5a), (4.1b) and the first master constraint (3.6), we find the BB algebra
Bii Bnw = GamBnw — GoBrnw (4.4)
and the relations
Bl (E™Y)n By = 1—0)(0] (4.5a)
Brpw (E™)mnBngw = GupBauw — GuBpguw — Gup|0)(0|Ggur  (4.5b)

also follow immediately from the interacting Cuntz algebra and the composition
laws (3.18) and (4.2).
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A more symmetric version of (4.4) and (4.5) is
Bw]LBw/ = BwTGw/ + G Buw — Gaw R (46&)

B, (B mnBw = By Buw — Gg|0)(0|Gur (4.6b)
where (4.6a) can be used to “linearize” (4.6b). These forms follow directly from
(3.14) and the interacting Cuntz algebra.

4.3. Local and nonlocal

In Ref. 1, many reduced operators were called nonlocal because they involved
arbitrarily-high powers of the reduced momenta m,,, and others were called local
because they involved no more than two powers of the reduced momenta. The
results above blur this distinction.

As an example,! consider the (Hermitian) isotropic oscillator Hamiltonian H,
which may now be re-expressed in terms of the generators of the infinite-dimensional
free algebra:

1
— A - pf
H=Y AJA, =) o7y B! Bu (4.7a)
w#0 w#0
1
m,w
1 t t
= Z W(Bmw Gmw — Bryma Guw) - (4.7¢)
m,w

The starting point is “nonlocal” because each of the Cuntz operators in the products
Ay =AY = A, -+ Ay, is linear in the reduced momentum, while (4.7b) and its
Hermitian conjugate (4.7c) are “local but nonpolynomial” because they are linear
in the reduced momenta.

Although we will not discuss it explicitly here, the phenomenon of this section
also generates new large N field identifications (see Ref. 1) in the unreduced theory.

5. Dual Basis
5.1. Definition
We wish to find new polynomials {7, (¢)} which are vev-orthogonal to the set

{Guw(e)}
<Tw(¢)Gw’ (¢)> = 5w,w’ ) TO((b) =1 (5'1)

and we will refer to the set of states {(0|T%,(¢)} as the dual basis.
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Towards the construction of these polynomials, we first postulate a generating
function for the 1”s

1 w
Y T B X - 2T (2]
X(B) =) p"Xy, Xo=0, (5.2b)

where (3, is another free-algebraic source (like a,, above) and the quantity X (5)
is to be determined. Note that the relations

<Tw> = 5w,07 <Y> =1 (53)

follow from (5.1) and (5.2) respectively.
Next, follow the steps

(O]YBI = (0|[Y, —i7tp] = (O|Y[1 = Butpn + X, i7m]Y (5.4a)
= (0]Y Brm[0)(01Y" = B (0]Y, (5.4b)

where we have used (2.8) and (5.2). Repeating this, we obtain
O]y (BY)*[0) = g*(Y) = B* (5.5)

which, with (4.3a), gives us the desired result (5.1).
To compute Ty, and X,, explicitly, multiply (5.2a) on the left by the inverse of
Y to obtain

1= BTy~ ™ ¢mTu+ Y B XuTu . (5.6)

w m,w w,w’

Then, equating coefficients of each 3 word, we find the recursion relation for T,

me = (mew - Z melTw2 y T() =1. (57)

W=wiwsz

Multiplying in the other order leads to

Twm = wfbm_ Z Tlew2m (5'8)

W=wiwsz

and the vev’s of these equations
KXmw = <¢mTw> = <Tw¢m> = Xum (5.9)

determine the X,,’s and show that they have cyclic symmetry in the letters of
their words.
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5.2. Examples

Because the T’s and X'’s are unfamiliar, we list the first few words of each:

To=1, Tm=dm— Xm,

Xm)(¢n = Xn) = Xonn

Xm)(¢n — Xn)(dp — Xp)

= (0m = Xin) Xnp = Xonn (6p — Xp) = Xonnp »

(&m
(&m

0, Xp={(bm), Xmn={(Imon) = XmXn,

Xpinp = (bm&ndp) — X Xnp — XnXmp — XpXon — Xm XX, |
<¢m¢n¢P¢Q> XanPq - X"LXqu - XPanq

— Xy Xomnp — Xonn Xpg — XongXnp — X X Xpq

— X XpXmg — Xn X Xmp — Xp X Xon

= Xy Xy Xomn — Xg X Xnp — Xen Xn X, X, .

mnpq

(5.10a)

(5.10b)

(5.11a)
(5.11b)

(5.11c)

One sees that the X,,’s so far match the planar connected parts discussed in Refs. 10
and 8, and one also sees that T,,(¢), with (T3,) = .0, may be considered as a type

of normal ordered product : ¢™ : of the reduced fields.

5.3. More general results

From the recursive definitions (5.7)—(5.9) we find
T, =T, X, =Xo,
(GapTw) = b
as well as the following relations

= d)w - Z Tlew2¢w3 )

W=wWi1wa2ws

TwTwl = ZCw7w/,w//TwH y [’LUN] S [UJ] + [w/] B

w//
<TmTw> = me(1 - 5w,0) P

<TmnTw> - anw(l - 611),0) + Z anlewz P

W=wiwsz
w1 ,w2#0

Z(j) =Y (¢ =1+ X (§Z(5))-

w

(5.12a)

(5.12b)

(5.13)

(5.14)

(5.15a)
(5.15b)

(5.16)
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In particular, (5.13) can also be iterated to obtain the 7"s. The relation in (5.14) is
an operator product expansion, whose sum obeys the selection rule shown because
the T’s are finite polynomials in ¢. The list of relations begun in (5.15) shows
correspondingly higher powers of X,, when extended to more general words.

The final relation (5.16), with j another free-algebraic source, is proven in
App. D. This is the standard relation'®® between the generating functions Z and
X of planar and connected planar correlators respectively, and completes the iden-
tification of X,, as the planar connected part with [w] legs.

5.4. Completeness

The dual basis {(0|T,(¢)} is complete because the {$™|0)} basis is complete, and
therefore the basis {B|0) = G,,(4)|0)} is also complete.© This gives the complete-
ness statements

1_ZG )| 0Y(0| T35 (¢ ZT )0Y(0|Ga (¢) (5.17)

and various consequences such as

Swar = O _(TaTuwn)(GarGur) . (5.18)

w!

Moreover, either set of polynomials {G,(¢)} or {T,,(4)} give a complete basis? for
expansion of any polynomial in ¢

= Gu(®)(Ta(d)F(9) =Y Tw(d)(Ga($)F(0)) - (5.19)

We have already encountered such an expansion in (5.14).
Another operator product expansion which will be useful below is
GuGuwr = G (T GG . (5.20)
wll
The sum on the right of (5.20) is generally an infinite number of terms, but a finite
number in the case of oscillators/free actions (see App. B). It will also be useful to
consider expansions of products of the master field:

=Y XmwGa(9) = Y Gu(d) Xam, (5.21a)
St =Y (Kmnw + > Xy Xomuwn)Gar(9). (5.21b)

The proof of these follow readily from (5.19) and (5.15).

€A different argument for the completeness of Bf*|0) was given in Ref. 1.

dThere are questions which need further study concerning the domain of convergence of expansions
in the G4 ’s when infinite sums are involved. For example, in the case of one matrix with a pure
¢* action the functions G4 (¢) have no linear term in ¢ and yet Eq. (5.21a) says that an infinite
sum of such functions is equal to ¢.
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5.5. Operator form of the dual basis
Recall that B,'|0) is the operator form of the basis G, (¢)|0). To obtain the operator

form of the dual basis (0|Ty,(¢), we first define a new set of operators By,
By =(E™Y)mnBn. (5.22)
The interacting Cuntz algebra (2.10) implies that these operators satisfy a (dual
basis) Cuntz algebra
BBl =6mn,  Bj,Bm=1-10)(0], (5.23a)
B0y = (0|Bf, =0 (5.23b)

although B,, and B}, are not Hermitian conjugates. This curious fact will play a
central role in the discussion of Sec. 7.
Next, we consider the product of any number of B’s

Bu—=B®= By, -+ B, (5.24)
and note that
(0|BY' Gy |0) = (0| B BM™[0) = 640 - (5.25)
It follows that
(0|(Ter — By)Gwl|0) =0, VYw (5.26)
and this gives the operator form of the dual basis
(0B = (0]Tw(9), (5.27a)
1= B,/0)(0|B. (5.27b)

because the basis G,,|0) is complete.
The operator form of the dual basis gives us a number of new forms for the
planar connected parts

Xﬁ/mn = <Twm¢n> = <me¢n> = <B1D(E71)mn> = <Tw(E71)mn>a (5~28)
where we have used (2.8¢) and (3.3a). Then the useful relation
(BH®)) o = D XonnwGu(9) (5.29)

follows immediately from (5.19).

For free random variables, we can say more. Taken together, the form of E in
(2.22) and the final form of X in (5.28) show that Xgmn X m p in this case. Then,
the cyclic symmetry of X,, tells us that the only nonzero planar connected parts
are the “single letter” X's

Xusim) = X 20, m=1---d. (5.30)

This simple fact means that the computation of the planar connected parts (see
Sec. 8) is one-dimensional and, via Eq. (5.16), the relation (5.30) explains many
intricate identities among the planar parts.
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6. BBt

We have so far verified all the relations of the infinite-dimensional free algebra (1.5)
except for the BBT relation (1.5d). This relation requires a combination of several
of the principles we have discussed above, and will be developed in stages.

Note first the relations

BumB! = ByEmn,  BmBy! = EnnB,', (6.1a)
BumB,,,| = BuEmnB,! (6.1b)

which follow from (2.10a) alone. In (6.1b), we see that this direction soon fails to
produce relations linear in B,, and B,.

To obtain relations linear in B and B, we consider the product Bmmeu,Jr using
the forms (3.14) of these operators in terms of the interacting Cuntz operators.
Among the four resulting terms, the only term quadratic in B, BT is B} G.,G ' By,.
This term may be “linearized” by first using the completeness relation (5.20) and
then using the master constraints in the form (3.19b). We find two alternative forms
of the result:

BB f=-— [BInGwGw’n + GrwGor Bn — GmwGw’n}

+ Z<Tw"GwGw'> [BI,LGw“n + Gmw”Bn - Gmw”n] ) (62)

Bmanw’T = [BmwGw’n + Gmanw]t - GmwGﬁ)’n
T CuGu B + B o) (69

These forms are linear in the operators B, Bt but the coefficients are functions of ¢.

A form which is strictly linear in the generators B,,, B, can be derived from
(6.2) by again using the expansion (5.20) for the products of two G’s and then using
the formulas (3.14) in reverse. The result is

-Brnw-an/'r - Z(Bmw”fw”,w,n,w/ + f;;”,w/,m,anw”]L>

+ Emwinw (0) (6.4a)
fw”,w,n,w’ = <T711“ GwGw’n> - Z 5w“,un <TﬂGwGw’> 5 (64b)

Emw;nw’ - GmwGu_ﬂn + Z [Gmw”n <T1D”GwGw’>

w!’

— Gmw” <T1D”GwG1D’n> — Gw”n<Tu')”GmwGu_)’>] . (64C)

One may compare this general structure with the simple oscillator results in App. B.
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7. Forms of the Master Field
7.1. Basic form

The form (5.21a) of the master field in terms of the basis G,,

¢m = ZmeGw(¢) (71)

will be called the basic form of the master field. All the other forms of the master
field below follow from the basic form.

7.2. In terms of interacting Cuntz operators

The basis G, is a set of polynomials (see Sec. 3) in Gy, and E,,,, which may in
turn be written as

Gm=Bn+B! , En,=B.,Bl. (7.2)

These relations allow us to express the G,,’s and hence the master field (7.1) in
terms of interacting Cuntz operators:

Gm = X + Xnn(Bn + B)) + Xonpn (BuBy + B (B, + B))) +--- . (7.3)

7.3. In terms of ordinary Cuntz operators

Recall the construction® of ordinary Cuntz operators from the interacting Cuntz
operators

1

am = (E"%), By, al,=B}(E"2) | (7.4a)
Am@l, = Omn, aham=1—10)(0], an|0)=(0lal, =0, (7.4b)

where a' is the Hermitian conjugate of a. This allows us to express the master field
(7.3) in terms of ordinary Cuntz operators:

S = Xon + X ((B?),, _ag +al(E?) ) +--- . (7.5)

7.4. Dual basis form

To express the master field in this form, follow the steps

B = (B )mnBn =Y XpnwGu(Fo + i) = > Xpna(Gun — B™™),  (7.6)

where we have used the form (4.1b) for B, and the identities (3.9b) and (5.29).
Adding X,,, we obtain the dual basis form of the master field

Sm = XmuwGo = Bn + > XmaB™. (7.7)
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Recall from (5.23) that the operators B,,, B}, (with Bi, # B} ) also satisfy an
ordinary Cuntz algebra. Other ways of writing the dual basis form include

¢m = Bm + Y XmwB, = B (1+ X(BY)), (7.8a)

X(B)=> "Xy, (0X(Bh=0. (7.8b)

Here, the first form in (7.8a) emphasizes that the master field is linear in the
generators of the infinite-dimensional free algebra, and X (B') in the second form
is an alternate generating function of the planar connected parts (see App. D).

Note that the forms (7.7) and (7.8a) of the master field (and other forms
throughout this section which are equal to ¢y, in (7.1)) appear to involve the re-
duced momenta 7, in the creation and annihilation operators. However, as the
reader is encouraged to verify, all such 7 terms cancel.

7.5. Second dual basis form

In spite of appearances, the dual basis form (7.8a) of the master field is Hermitian
(as are all the previous forms), which tells us that

¢m = ¢l = Bl, + > XmaB®, B}, =BL(E )um. (7.9)
w
The operators B, B, with BT # Bt form another (second dual basis) Cuntz
algebra
BB} = 6,
Bl B, =1—0)(0], (7.10a)
By |0) = (0|Bf, =0,

B,1|0) = Ta()[0), (7.10D)
1= B,'[0)(0[B., (7.10¢)

and we see that B, creates the ket form of the dual basis.

7.6. Non-Hermitian forms

Because the two sets of operators (a,,al) and (B,,, Bf) both satisfy the Cuntz
algebra, the two sets are related by a similarity transformation S

1

SamS™" = By = (E~"(¢))mnBn = (E~2(8)),, an > (7.11a)

Sal,5~' = Bf, = df, (E*(¢)) (7.11b)

nm

and S cannot be unitary because Bt is not the Hermitian conjugate of B.
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Then we see that the dual form of the master field in (7.8a) is the Hermitian
counterpart of the non-Hermitian Gopakumar—Gross form M, of the master field:

(bm = SMmS_la (7.12&)

My, =t + Y Xmwa™ = am (1+ X(a)) # M}, (7.12b)

Our algebraic derivation of (7.12b) complements the diagrammatic derivation® in
Ref. 7. The one-matrix form M = a + Emcm+1aTm of the non-Hermitian master
field was determined earlier in Ref. 9.

The Hermitian conjugate of the Gopakumar—Gross form, which also serves as a
master field, is related to the second dual form (7.9) of the Hermitian master field

as follows:
_ 1
S 14, ST =B, = (E?)mnan, (7.13a)
_1
S'al " =Bl =Bl (E™"), =d(E77) (7.13b)
¢m = oF, = S~ TMf ST, (7.13¢)
M} =al + ZXmu—,a“’ = (1+ X(a))al,. (7.13d)

These relations are nothing but the Hermitian conjugate of (7.11) and (7.12).

7.7. In terms of planar correlators

The relation (D.10) can be read as

Z(j) =1+ X(B", Z Z] (%), (7.14a)
Bl = jmZ(j), jm=BLZ7(j), (7.14b)
ijn = 5m,n271(j)7 <0|Z(]) = <0| ; (7«14(3)

where Z(j) is an alternate generating function for planar correlators. The “quantum
source” j,, lives in a fourth Cuntz algebra

_ _ _ d
—— =2()Bm, Bm=21j)—, 7.15a
i () (])ajm ( )
d o
—'n: m,n s 'm—.zl_ 3 1
a0 Om, Im g 10){0] (7.15b)
0 10) = (0]jm =0 (7.150)
B MM ‘

which follows from (7.14) and the Cuntz algebra (5.23) of B and Bf.

¢Unfortunately, Gopakumar and Gross give the similar but incorrect result M, = am +
> Xmwal™, as we ourselves did in an earlier version. To check that (7.12b) is in fact the correct
form, evaluate (M, My Mp) using the Cuntz algebra for a, at.
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This gives the forms of the master field

bm =BmZ(j) = Z7'(j)5—2(j) (7.16a)

0
i
gv — Z-lm(%) () (7.16b)

in terms of the planar correlators.

7.8. In terms of planar 1PI parts

The master field can also be written as a function of the planar connected one
particle irreducible (1PI) parts. To see this, we first decompose the dual basis form
of the master field (7.8a) into its classical part ®,, and its quantum part B,,

¢m = Pm + B, (7.17a)

®,,(B") = B X(B") = > XpmaB™, (7.17b)
w

®,,B! = Bl ®,, = X(B"). (7.17c)

Our definition of the classical part ®,, agrees with the field called ® in Ref. 8, but
the identities in (7.17c) are new.
The planar effective action I'(®) is defined as

I(®) = &, B}, = B, & = X(B") = > T,®", (7.18a)

B, I(®) =%, (0r(®) =0, (7.18b)
where T, is the cyclically symmetric planar 1PI part with [w] legs. This definition
of I'(®) follows Ref. 10 but differs by a minus sign from the definition of Ref. 8,
and we note in particular that the Legendre transform defined in Ref. 8

X(B") = -I(®) + B}, ®,, + ®,, B, (7.19)
is satisfied trivially by (7.18a).
Then the master field can be written as

¢m = Pm + Bm = B (1+T(®)) (7.20)

by changing variables from B to ®. But this is only half the job because we also
want to find the Cuntz algebra in which ®,,, resides.

This is most easily done in the case X,, = 0 (no tadpoles), which we assume
below. In this case, one has the additional relations

@ = Bl Ypm = Ymn B}, (7.21a)

Ymn(BY) =Y Xna B, Ynnl0) = (B™")ma0), (7.21b)
w
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and 7., is invertible because it begins with X,,,,. This gives us the Cuntz algebra
of ®,,:

—— = (v YonBn .22
5o = (0 B (7.222)
0 0
—®, =0mn, Pmm—=1-— , .22b
o e B =1-(0)0) (7.220)
i|0> = (0|®,, =0 (7.22¢)
0%, VT ‘
and we may now express the dual basis Cuntz operators as
Bl =20y am = (7 )mnPa, (7.23a)
5 o_~ 0 (7.23b)
Moreover, the relation
0
Bl = —T(® 24
h= g5 T(® (724
now follows from (7.22a), (7.15b) and (7.23a).
Our next task is to find the ® dependence of 7,,,(B"). Note first that
F((I’) = (I)m(I’n(V_l)nm (7.25)
follows from (7.18a) and (7.23a), and this gives us the desired result
0 0
TH®))imn = = = 1(D). 2
(v (®@))mn 9%, 0B, (@) (7.26)

Using (7.23b) and (7.24) in (7.20), we have found the forms of the master field

b = Y (B) = (L + TB)) = B+ 7,0, (D)

o (7.27)

0%,

in the @, % basis.
Comparing these two forms of the master field (or the two forms of BT in
(7.23a)), we also find the consistency relation
0 0 0
—I'(® — I'e) | 2

but this is only the statement that I',, is cyclically symmetric.

8. Forms of the Schwinger—Dyson Equations

In this section, we use the forms of the master field to quickly derive a number
of new free-algebraic forms of the large N Schwinger—Dyson equations for action
theories.! The first form in Subsec. 8.1 is novel, and the rest, although packaged

f Another form of the Schwinger-Dyson equations follows as null state Ward identities of the
infinite-dimensional free algebra (see App. E).
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differently, are closely related to known free-algebraic formulations.!%:8:11:12 Tn all
our formulations, the dynamical input is stored in the operators G, (¢), Emn(¢) of
the interacting Cuntz algebra (2.9) and (2.10).

8.1. The basic form as a computational system

We consider first the basic form of the master field

¢m = ZmeGw(¢) (81)

which, by matching ¢ dependence on left and right, is itself a computational system
for the planar connected parts.

We illustrate this by studying the classical limit of the system. Reinstating #
temporarily, we find that

Gm=0("),  Enn=0() (8.2)
because E™" in (2.5) is a commutator. The classical limit of (8.1)

bm = > XmwG”, Gy~ GY =Gy G, (8.3)

is then obtained by neglecting all E terms in the G,,’s (see Eq. (3.9a)).
For definiteness, we consider the solution of this equation for the general quartic
interaction

Gnp = 2wm¢m + Amnpq¢n¢p¢q ) (84)

where A\pnpq is cyclically symmetric in its indices. In this case, (8.3) contains only
odd powers of ¢ and we may set the coefficients of each odd power to zero, obtaining
the list of equations

¢ dm = Xmn2wnp , (8-53)
°: 0= XinnAnpgr GpPqr + Ximnpg2wePq2wpBp2wndr - (8.5b)

The master field ¢, is a free variable (with no relations), so the unique solution of
this list is easily obtained:

1 Am
Xon = ——6 Xonpg = — ——Lmaen___ 8.6
T 9y, mnpd 2w 2w 2wp2w, (8.62)

1 1
anpqrs = m Z 2_wt()\msrt )\tqpn + )\nmst )\trqp + )\pnmt)\tsrq) . (86b)

These results are recognized as the tree-graph contributions to the planar connected
parts.
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For the special case of free random variables, the basic form (8.1) decouples into
d one-matrix problems with X = X

Om = Z Xw(m)Gw(m)(¢m) (8'7)
w(m)
according to Eqgs. (2.22), (5.30) and (3.9a). The one-matrix bases G.(m)(¢m) have
the decoupled form discussed in Subsec. 3.3.
Other relations of this type, e.g. Eq. (5.29), may also be considered as compu-
tational systems.

8.2. The dual basis system
The planar connected parts X (B') satisfy

Bl + Epn(¢)Bn = G(9), (8.8a)
¢p = B,(1+ X (B")) (8.8b)

which we record together as the dual basis system
Bl, + Epn(B(14 X))Bn = G (B(1 + X)) . (8.9)

To derive this system, start with G,,, = B,, + B}, go to the dual basis with (5.22)
and use the dual basis form (8.8b) of the master field.

We have checked that the system (8.9), although packaged differently, is equiv-
alent to the Schwinger—Dyson equations derived diagrammatically for the planar
connected parts in Ref. 8. In particular, our Cuntz operators B,, act on X (BT) as
the operator %m of Ref. 8 acts on their W (J), but the two operators are not the
same because

_ 1)
[Bim,c] =0, —5JmC:0 (8.10)
for any c-number c. The E term in (8.9) collects the results of this difference. In
what follows, we make some additional remarks on the structure of the dual basis
system.

We begin by discussing this system in the case of one matrix, where right multi-

plication by powers of BT gives the simple equation®

E(%)—G<%)ﬂ+ﬂ2=0, YB) =1+ X(B), PO)=1  (811)

for any interaction. (We have replaced BT by a commuting source 3.) In the special
case of the quartic interaction (see (2.18)), this reads

M2 (¢ — 1) + B2 (mP (Y — 1) = AXy — %) =0 (8.12)

1 2
8This equation gives the large 8 form X (8) ~c¢ » ﬁ1+1’ when G(¢) ~ c¢P at large ¢.
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and, except that X, appears as an unknown, this is the cubic equation found in
Ref. 10 for this interaction. In fact, the equation determines X, along with the rest
of X(0) in a perturbative or semiclassical expansion. To begin the perturbation
theory, set A = 0 to find ¥(8) = 1+ 5}—22 More general perturbation theory is
discussed in App. F.

For the special case of free random variables, the dual basis system (8.9) de-
couples into d one-matrix systems

w(m)

which comprise d decoupled systems of the form (8.11).
The classical limit of the full system (8.9) is

Bl, ~Gmn(9), ¢p~B,X(B')= ZXPLUBW (8.14)

because (1 + X) in (8.8b) should be replaced by the dimensionless combination
(1+ X /h). As an example, the classical limit (8.14) reads

0= (B!, — 2w XmnB)
— (2w Xmnpg BS BIBY, + Mnpg Xnr Bi Xps B X B]) + -+ (8.15)

for the general quartic interaction (8.4). Setting each power of B to zero separately,
we find the same tree graphs (8.6) for the planar connected parts.
An equivalent form of the dual basis system (8.9) is

al, + Epn(M)a, = G (M), M, =a,(1+ X(a')) (8.16)

in terms of ordinary Cuntz operators and the Gopakumar—Gross form of the master
field.

The other forms of the planar Schwinger—-Dyson equations below are the forms
taken by Eq. (8.9) in different bases.

8.3. Equation for the planar correlators
The generating function Z(j) of planar correlators satisfies

- - 0 - - 0 - - 0
mZ j) — m Zil ] —Z ] Emn Z71 ] —Z ] 271 )=— =0. 1
n200) = G (25 20)) + B (27105200 ) 271 )5 = 0. (817
To derive this, use (8.8a), (7.14), (7.15a) and the form (7.16a) of the master field.
This can be simplified to

(Z(j)jm—Gm<8%))2(j)+Emn<8%)% —0 (8.18)

for any polynomial interaction.
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For the one-matrix case (Z = Z) the system (8.18) reduces to the quadratic
equation
2 1\ .. 1
(2)* - 6(5 )izt + £(5 ) 0. 20)=1 (5.19)
for any interaction. This equation may also be obtained from Eq. (8.11) and

. ey (B 1
w(B)=20), Bl =jz(), Y201 (8.20)
J
which is the one-dimensional form of ¢ =1+ X and (7.14).
Again, the relations (8.18) or (8.19) are equivalent to those given in Ref. 8,

although ours are packaged differently. In particular, our “derivative” with respect

to j is a Cuntz operator satisfying
0 0
— c=c— 8.21
i i (8.21)
when ¢ is a c-number, and not the rule 5‘;—? = ( satisfied by the derivative in Ref. 8.

The difference between these two operators is again collected in the E term of
(8.18).

8.4. Equation for the planar effective action

The planar effective action I'(®) satisfies

0 0 0 0

—T(®)+ Enn| @ — |Yp(®) ==— =G| © — . 8.22

55T (®)+ B (#4755 1 (B3 = G (#7582
To derive this system, use (7.23b), (7.24) and (7.27) in (8.8a). Although packaged
differently, this system is equivalent to the equation for I' given in Ref. 8. (Again, our

Cuntz operator 8% commutes with c-numbers and so is not equal to the operator

6% of Ref. 8.)

For the classical limit of (8.22), we know to neglect E and the quantum part
B= 'ya% of the master field. This gives immediately the classical limit of the planar
effective action

[(®) ~ &,Gpn (P) (8.23)
for any theory.
For the general one-matrix model, the system (8.22) simplifies to
{T(®) — 2G(Q[1 + T H(@)]))}T(®) + P*E(@[1+ T H(@)]) =0.  (8.24)
This equation can also be obtained directly from (8.11) by the transformation
=1+ X(B") =1+T(d), (8.25a)

G

Bt =p= (8.25b)

which is the one-dimensional form of (7.18). The relations (8.25) were pointed out
in Ref. 10, and we have checked for the quartic case (2.18) that the resulting cubic
equation is in agreement with that given there.



Infinite- Dimensional Free Algebra and the ... 4679

Acknowledgments

For helpful discussions, we thank J. de Boer, J. Evslin, H. Ooguri, C. Schweigert
and J. Wang.

The work of M. B. H. was supported in part by the Director, Office of Energy
Research, Office of Basic Energy Sciences, of the U.S. Department of Energy under
Contract DE-AC03-76F00098 and in part by the National Science Foundation under
grant PHY95-14797.

Appendix A. Large N as Higher-Dimensional Classical Solution

The fifth-time formulation? of any Euclidean action theory allows us to compute
the large N limit of the action theory as a classical solution of a higher-dimensional
theory, in parallel with the AdS/CFT correspondence.> ® There is great latitude
in the choice of the fifth-time theory, but any choice will give the same large N
averages for the original theory. Moreover, other methods of higher-dimensional
extension are known (see e.g. Ref. 13) and others still can be invented.

As an illustration, we consider the action theory

1 A
S=Tr <§m2¢2 + W¢4) (A.1)

and we will choose the higher-dimensional extension (overdot is fifth-time
derivative)

Hs = % Tr(B'B) = %Tr(ﬂZ) + Vs, (A.2a)
1 A\
ooy |(ro 50
1 A
-3 [m2N2 + 22 Tr(¢?) + ~ (T ¢)2] ) (A.2b)

S5 = /dt(Tr (%4)2) — v5) (A.2¢)

which is a special case of the simple Hs in Eq. (2.6).

Now we may follow Ref. 14 to consider the phase-space master field, which
solves the higher-dimensional classical equations of motion. Using Apps. C and E
of Ref. 1 and in particular Eq. (2.17b) of the present paper, we find the reduced
classical equations of motion

p=r, =V, (A.3a)
1., A _ m? A
V=g =50+, ="+ 740 (A.3b)

and the ground state density

p6) = 2\2(e-V(©), [ dople) =1 (a.4)
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from which the original action averages can be computed. (One may set (¢) = 0 by
symmetry.)
We note that, relative to the discussion of Ref. 10, the higher-dimensional ex-

tension has done the relevant Hilbert inversion for us
1

350 = F@) = [ da (0 (4.5)

(F is given in (2.18b)) and moreover the extension has given us the ground state
density p in the higher-dimensional form (A.4). Using (2.6), these features persist
for the higher-dimensional solution of any one-matrix action theory.

Finally, Egs. (3.17d), (A.3b) and (A.4) tell us that

E = F? 4 1%p? = 2¢ + \¢? (A.6)

and we obtain

_2e—m2
n A

on comparison with the form of F in (2.18b).

(%)

Appendix B. Oscillators/Free Actions

A number of simplifications occur for oscillator Hamiltonians and/or free action
theories, which we treat together here in the oscillator notation (for free action
theories, S = 1%, m2 Tr(¢"¢"), replace 2w, by m?)

1
Gm = 20m®Pm, FEmn = 2wm6m,na Kmn = ﬂém,n . (Bl)

All other planar connected parts are zero.
Comparing the generating functions (3.12a) and (5.2a), we find that the basis
polynomials G, and the dual basis polynomials T}, are proportional

Gu(d) = (2w)"“Tw(9). (B.2)
It follows that
(GaGu) = (2w)"duwwr s (TaTw) = ((20)7") " uwwr ,
GumGnw = Gumnw' + 2Wm0m nGuwGuw ,
TwmTnw = Twmnw + XmnTwTw , (B.3c
(

where (B.3a) and (B.3b) follow from (5.1) and (3.13) respectively, while (B.3c
follows from (B.3b). The solution of the recursion relation (B.3b) is the finite
operator product expansion

Gw Gw’ - Z 6w,w1u 611)’,17,11)2 (2w)qu1w2 (B4)
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which is a free-algebraic generalization of a familiar decomposition rule for the
product of two Chebyshev polynomials (see also the general one-dimensional oper-
ator product expansion in Eq. (3.17e)). Using (B.2) in (B.4), one also obtains the
explicit form (in this case) of the T}, T, operator product expansion in (5.14).

In this case, the interacting Cuntz algebra becomes the Cuntz algebra

(B, Bl,}
o, al,} = e

and the infinite-dimensional free algebra (1.5) has corresponding simplifications due
to the simple forms of G and E in (B.1). We mention in particular that

(B.5)

Sww f [w] = [w],
+ ) a if w=uw, B
Gl = a,t if w =ww, (B-6)
0 otherwise

is the simple form of the infinite-dimensional free-algebraic relation (1.5d) in
this case.

Appendix C. Composite Structure of the Master Constraints
Define

Qmuwn = TmGuTn + iﬂ'anwT — 1 FwTn + Friwn — FrmwFhn . (Cl)

The master constraints (3.19a) are Qmyn = 0, but one can show from (3.5) and
(3.9) that

Qmwnp = QmwnBzT) + Bmanp (02)

without using the constraints. (The cubic terms in 7 on the right simply cancel.)
Starting with the two-index @Q’s

Qmn = BmB], — Emn (C.3)

we may iterate (C.2) to obtain the higher-indexed @’s, for example
Qmnp = anB; + BimnQnp » (C.4a)
Qmnpg = (Qumn B} + BrnQup) Bl + BmnQpq (C.4b)

and one finds more generally that all the @)’s are linear in Q. It follows that all
the Q’s are zero when the first one is set to zero:

BBl = Epn — Quuwn =0 (C.5)

and so the set of master constraints (3.19a) contain no new constraints beyond
the first.
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Appendix D. Identification of X (3)

Here we will derive, by simple algebra, the functional relation between the gener-
ating function

X=X(B)=> "Xy, Xo=0 (D.1)
and the generating function
Z(j)=Y_"@"), Z(0)=1 (D.2)

of the ordinary planar parts.
Start by rewriting the generator for the polynomials T, as follows:

1

zw:ngw T e X0 (D.3a)
1
o —1
=0 X T A X
=(1+X)7) e, (D.3b)

where we have made the identification
. -1
Jm = Bm(1+ X (8)) (D.4)

between the two sets of free-algebraic sources. Now multiply (D.3) on the left by
®mBm, take the vev and use the definition X, = (¢ T1) to get

D> B X = Y (™) (D.5)
which is just | |
X(B)=2(j) -1 (D.6)
Combining (D.4) with (D.6) we have
Z2(j) =1+ X(jZ(5)) (D.7)
or alternatively
X(B) =2Z(B1+X(B)")-1. (D.8)

Following Refs. 10 and 8, the relation (D.7) identifies X (3) as a generating function
of connected planar parts.
Similarly, the relation®

Z(j) =1+ X(Z(5)5) (D.9)

is obtained by expanding (D.3) with (1 + X)~! on the right and using (5.28).
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Finally, we can establish the similar relation

ZG) =1+ X(i2(),  Z@G)=)_i™(¢") (D.10)
for the alternate generating functions Z and X. To derive this result, start with the
relations

—_—~—

(1= B+ X(8) =3 B"Ta(@), Tu(9)0) = Tu()[0). (D.11)

w

These can be derived from Ref. 1 and (5.2a), (5.7) and (5.8), and then proceed as
earlier in this appendix.

Appendix E. Schwinger—Dyson as Null State Ward Identities

There are many free-algebraic forms of the Schwinger—-Dyson equations, some of
which are discussed in Sec. 8. In this Appendix, we discuss a form of the Schwinger—
Dyson equations which follows from the Ward identities of the infinite-dimensional
free algebra.

This development is based on the null states

(B — Gu(9))|0) =0 (E.1)
which give the null state Ward identities
(6" (B™ ~ Gu(9))) =0. (E-2)

To put these identities in a useful form, we leave the coupling constant-dependent
G (¢) terms as they are and evaluate the BT terms as follows:

(07 Gu(9)) = (¥ BM™), (E.3a)
> I ",
= wCw’ {u; }=w’/w (E?)b)

0 when w is not embedded in w’ .

The last form is obtained by writing Bf % as a product of B],’s and moving each
to the left using

[Gms B = 6mnl0){0],  (0|Bf, =0. (E4)

This procedure shows that the average (E.3) vanishes unless the word w is embedded
in the word w’, which we write as w C w’. In further detail, w is embedded in w’
if the two words can be written as

w=mimag-- My, (E.5a)
wCw: w = uymiuams - - UMyl 1 (E.5b)
which defines the “quotient set” {w;} = w'/w of words u; uniquely for each

embedding.
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As examples of (E.3) we list

(Gw) = 6w, (E.6a)
<¢mGn> = 5m,na
(OmdndpGq) = Om,q(Pndp)
+ On g (Pm) (0p) (E.6b)
+ 0p,q (PmPn)
<¢man> =0,

where (E.6a) was noted in (4.3b).

Appendix F. Perturbation Theory

We work with the dual basis system (8.8) and assume that some zeroth-order system
has already been solved

Bl, + EQ () B, =GN () =0, ¢V = B,(1+X(B"). (F.1)
The general perturbation problem is stated as follows. Given
Gm(9) = G (D) + MG, (0),  Emn(9) = EX)(9) + AE/,,.(9) (F.2)

we want to solve for the corrections to the connected parts X,

X(B" - XO(Bh = ZAkX(k) (B = ZAkZX(k)BTw (F.3)
k=1 w
order by order in A.
We have
¢ =0 +¢' =@ +> NBX®(B) (F.4)
k=1

and we subtract (F.1) from (8.8a) to get the general perturbation equation
[EQL(@) — ERL(6)]Ba — [62)(9) - G0 (6©)]
= NG, (9) — By, (9)Bal - (F.5)

If we have oscillators for the zeroth-order problem, this general equation simpli-
fies somewhat. But we can work from any zeroth-order problem and get the desired
results by straightforward algebraic computation with (F.5), remembering that the
B operators serve as “dummy” variables, obeying BmBIL =mn-

References

M. B. Halpern and C. Schwartz, Int. J. Mod. Phys. A14, 3059 (1999).

J. Greensite and M. B. Halpern, Nucl. Phys. B242, 167 (1984).

J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).

S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B428, 105 (1998).

L e



—_

SowNo o

Infinite- Dimensional Free Algebra and the ... 4685

E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998).

O. Haan, Z. Physik C6, 345 (1980).

R. Gopakumar and D. J. Gross, Nucl. Phys. B451, 379 (1995).

P. Cvitanovic, P. G. Lauwers and P. N. Scharbach, Nucl. Phys. B203, 385 (1982).
D. V. Voiculescu, K. J. Dykema and A. Nica, Free Random Variables (AMS, 1992).
E. Brezin, C. Itzykson, G. Parisi and J.-B. Zuber, Commun. Math. Phys. 59, 35
(1978).

. M. R. Douglas and M. Li, Phys. Lett. B348, 360 (1995).
12.
13.
14.

M. R. Douglas, Phys. Lett. B344, 117 (1995).
G. Parisi and N. Sourlas, Phys. Rev. Lett. 43, 744 (1979).
M. B. Halpern and C. Schwartz, Phys. Rev. D24, 2146 (1981).



