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approximately 0.25. On the other ha, nd, for 660-kev
photons, the total Compton cross section appears to be
independent of the electron binding energy. It is in-

teresting to note that at 660 kev, the small- and large-
angle behavior of d|7~ has a compensating effect in
which the total cross-section ratio, ore/a. r, is approxi-
mately equal to unity for both tin and gold.
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Kohn's variational principle has been used to calculate S-wave elastic scattering of electrons from atomic
hydrogen, using up to 50 trial functions of the type introduced by Hylleraas to describe the bound states of
two-electron atoms. The phase shifts calculated at several energies up to 10 ev appear to have converged well,
leaving residual uncertainties mostly less than one thousandth of a radian. Taking extra pains to include the
effect of the long-range force at zero energy, we have also determined very accurate values for the scattering
lengths.

INTRODUCTION

HE scattering of electrons from hydrogen atoms
has been the subject of a great many calculations

since it presents what is probably the simplest non-
trivial real problem in scattering theory. We undertook
a program of computing definitive values of the S-wave
elastic phase shifts for this system, making no approxi-
mations other than those imposed by the 6nite speed
and capacity of modern computing machines. Our use
of the variational method' for this scattering problem
completes, in a sense, the famous work on the bound
states of two-electron atoms begun more than thirty
years ago by Hylleraas.

Probably the most interesting, and quite unexpected,
result of this program has been the realization of the
extraordinary nature of the convergence of the "sta-
tionary" phase shift. It has been recognized for some
time' that, in contrast with bound-state problems, the
addition of more variational parameters in a scattering
calculation does not necessarily lead to a better answer.
This behavior is blamed on the nonexistence of any
minimum (or maximum) principle. The error in a varia-
tional calculation may be represented by

where 6 is the unknown error in the trial wave function.
Only for systems where one knows the (finite) number
of eigenvalues of II below the value E can one possibly
state that the expression (1) must be negative. ' For
scattering at any 6nite energy it is clearly impossible
to make any such statement. We have discussed else-
where4 how, by taking a great deal of numerical data,
one can draw smooth curves and see an eGectively
regular convergence for the general scattering problem
at any energy. This paper will present the results of
this treatment for the e-II problem.

We use Kohn's variational principle,

ftan8/k7= tan8/k+ (2nz/ks) f(E—H)fdridrs, (2)

where

(2rtz/Pt') (E H) =k' 1+—V1'+Vs'—

+ (2/ri)+ (2/rs) —(2/rrs),

with lengths in units of )tt'/ztze'; and our trial wave
function is (for singlet or triplet states) f= p+g,

io= (1&P)s)2e "zLsinkri/kri

+tan8 coskri/kri(1 —e t"ts)"')7/4zrv2, (3a)
5 (E—H) Adr

e
—(a/2) (rz+rz)r, t(gl

t,m, n&0
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' A calculation identical to ours but limited to zero energy and
using only a small number of parameters has recently been re-
ported by Y. Hara, T. Ohmura, and T. Yamanouchi, Progr.
Theoret. Phys. (Kyoto) 25, 46t (1961).

~ See, for example, H. S. W. Massey in Irundbgch der Physik
edited by S. Flugge (Springer-Verlag, Berlin, 1956), Vol. 36.

X (ri rs "&ri "rs )/4)rv2, (3b)
' L. Rosenberg, L. Spruch, and T. F. O' Malley, Phys. Rev. 119,

164 (1960), have in this manner established minimum principles
for scattering at zero energy. These authors have recently ex-
tended their method to positive energies, but only by mutilating
the potentials.

4 C. Schwartz, Ann. Phys, (to be published).
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FIG. 4 (a) and (b). Improved zero-energy results.

mentioned that numerical inaccuracies Lround-off
errors accumulated in solving Eq. (4)] could be a
serious problem. In particular, we could not determine
the stationary value from our 50+50 matrix at zero
energy (the old way) to any better than about 1%%A.

However, with this improved calculation the numerical
uncertainties were much reduced. There thus seems to
be a correlation between good convergence and good

POSITRON SCATTERING

A few simple modiications of the programs allowed
us to calculate elastic S-wave phase shifts for the
scattering of positrons by atomic hydrogen. Since
without the space symmetry we now need more terms
in (3b) for each total power, (l+nt+tt); the results do
not converge as rapidly as for e . The results, shown
in Table II, have probable errors of about ~0.001
radian. For the scattering length we find the upper
bound u+~ —2.10; and from the apparent rate of con-
vergence we believe that a+ will not be as little' as

2.11.

8 This behavior was also noted at the end of Appendix 2 of
reference 4.

8 Compare with previous results of L. Spruch and L. Rosenberg,
Phys. Rev. 117, 143 (1960).
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The continuous photoelectric absorption cross section of helium has been measured in the spectral region
extending from 180 to 600 A with greater accuracy and the observations are found to agree with the calcula-
tions of Huang and Stewart and Wilkinson. A grazing incidence spectrometer with a photomultiplier was
used for a single measurement at 180 A while the remaining measurements were carried out in a normal
incidence spectrometer utilizing photographic techniques. Whereas in previous experiments the absorbing
gas sample was allowed to 611 the entire spectrometer chamber, in the current measurements the gas was
confined to a small cell provided with suKciently transparent windows. The use of an absoprtion cell reduces
contamination and facilitates the measurement of gas pressures. The results indicate that the cross section
varies from a value of 0.98&0.04 Mb at 180 A to a value of 7.7~0.3 Mb at the absorption edge located at
504 A.

I. INTRODUCTION

~OLLOKING recent success in the development of
windows which are transparent to extreme ultra-

violet radiation, we have carried out measurements of
the continuous photoelectric absorption cross section of

* Supported in part by the Office of Naval Research.

helium. The use of such windows in the construction of
a gas cell permits coninement of the gas sample to a
restricted volume. This technique has certain advan-
tages over earlier methods'' which used the entire

' P. Lee and G. L. Weissler, Phys. Rev. 99, 540 (1955}.
2 N. Axelrod and M. P. Givens, Phys. Rev. 115, 97 (1959).


