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The goal of this note is to derive at a more rigorous, albeit not fully motivated, level the Maxwell-
Boltzmann distribution velocities. The result is cited immediately for convenience:
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This equation has the following meaning. For a gas satisfying the assumptions of the kinetic theory, with
mass per molecule m and at a temperature 7', the probability that a particle has velocity of magnitude u
is given by f(u)du. With a little careful integration, you can check that fooo f(u)du = 1, as a probability
density function should.

This note is purely to explain in more detail how to derive the Maxwell-Boltzmann distribution of
velocities and how the assumptions of the kinetic theory of ideal gases are used mathematically. You will not
be held responsible for reproducing results like this or mastering the mathematics used in this derivation.

1 Probability of finding a particular state

Here we state a more fundamental postulate for our treatment of this topic. Its justification will be deferred
to a separate note. Suppose we have a system S in contact with a much larger (really, infinitely larger)
system, termed the “bath”, and the two are in thermal equilibrium so that the temperature of the system
and the temperature of the bath are equal. Call that temperature 7. In this setup, the system can exchange
energy with the bath, so the energy of the system S will fluctuate as the system evolves in time. Here is the
postulate:

Postulate 1. The probability P that the system S is in a particular state X which has an energy E(X) is
given by P(S) = ¢(T)exp(—E(S)/kpT) where ¢(T) is a factor that depends on the system’s temperature
but does not depend on the state S of the system.

The unspecified factor ¢(7T") (the same factor is used for all states X;) such that the probabilities sum to
1. This is made clearer in the example below:

Example 1.1 (Two-level system). Suppose a system S at temperature T has only two possible states, X;
and Xo with energies Fy = F and Fy = —F, respectively. What is the probability of finding the system in
each state? That is, what is P(X;) and what is P(X3)? Postulate [1| says that

P(X,) = ¢(T)e &7 (2)

and

But we know that the probabilities must sum to 1. So
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So the probabilities are:
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To summarize, the postulate says that the more energetic a particular state X is, the less likely it is to
occur—in fact, exponentially so.

2 Applying this in the Kinetic Theory

In the kinetic theory of gases, the gas is made up of N molecules of equal mass m and the only type of energy
they carry is kinetic energy. Recall that the kinetic energy of a molecule of mass m moving at a velocity v
with magnitude |0] is given by
L.

By = gmlp )
In three dimensions, the velocity vector ¥ has three components, which we will label v, vy, v,. Consider a
system of just one particle. What is the probability that it has a particular velocity ¥ = (vg, vy, v.)? As in
the example above, we know that the probability P(¢) will look like:

P(0) = ¢(T) x exp <—m|ﬁ|2> =¢(T) X exp (—W> (10)

2kgT
To make the probabilities add up to 1, we need to set ¢(T") appropriately. This time, our probabilities form

a continuous function of the parameters v,,v,,v, instead of the discrete case of the two-state system in
Example So we demand:
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We now change variables to spherical coordinates(u, 6, QS)E[, and use u to denote the magnitude of ¥:

2

U :vi—i-v;—i—vg (12)

v, = usinf cos ¢ (13)

vy = usinfsin ¢ (14)

v, = ucosf (15)

dvydv,dv, = u? sin 0dudfdg (16)

Substituting all of these relations into the integral

1For more on how to do conversions like this (from rectangular coordinates (z,, z) to spherical coordinates (u, 6, ¢) or other
coordinate systems), please see the Wikipedia page,


https://en.wikipedia.org/wiki/List_of_common_coordinate_transformations
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The time has come to learn how to do this integral. Luckily, here’s a neat trick. Let & = m/(2kgT). Then
this integral can be written as

47rc(T)/ u? exp(—au?)du (20)
0
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One last time, let w = y/au so that the integral inside the parentheses can be written as

/OOO exp(—au?)du = % /000 exp(—w?)dw (23)

In discussion, you learned a trick to evaluate the integral of a Gaussian! So if we applied that trick here, we
get that

| expl-utan = 4 (24)

and
dme(T) /O W exp (— Q”IZZQT) du (25)
_ _4WC(T)% <\fa1/2) — o(T) x 72032 = ¢(T) x <2W:fT)3/2 (26)

At long last,
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and therefore
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Now we can assemble all of the pieces to get the Maxwell-Boltzmann distribution. Look back at Eq. We
substitute ¢(T") now:
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The integrand is the quantity known as the Maxwell-Boltzmann distribution, and it describes the probability
of finding a particle with magnitude of velocity (otherwise known as speed) u. Observe that this distribution
is skewed, and the lower the temperature is, the more the distribution is skewed towards slower speeds:



Prob. P(u)
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3 Average Energy, RMS Velocity, etc.

For a system of a gas of IV molecules moving essentially independently, we are interested in the average energy
of the system denoted (Eiotal). FEtotal is the total energy of the system, the sum of the kinetic energies of

the individual molecules: N

Lo
Etotal = z; §m|vi|2 (30)
i=
So we want to take the expectation value of this energy with respect to the probability distributions found

above:
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To calculate (u?) with respect to the Maxwell-Boltzmann distribution specified by the integrand in Eq.
we just need to do the integral:
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(u®) =4 <27rk:BT> /0 u” exp ( 2kBT) du (32)

And we can use the same trick used back in Eq. writing o = m/(2kgT),

(u2) = dx (WZCF)W @ /OO exp(—au?)du = 4r ( m )3/2 VT &2y (33)

da? J, 2rkpT) 2 da?
where I have used the result in Eq. Taking the derivatives,
) = (2 )3/2 it (o )3/2 <2kBT)5/2 _ kel (34)
2nkgT 2 4 2 \ 2kgT m m
Substituting this result back into Eq. [31}
(Etotal) = %mN (3]“;?) = gNkBT (35)

The RMS speed refers to /(u?), which is given by Eq.

urms =/ (u?) = 4/ 3k£T (36)

We might also be interested in the average speed (u), which we can compute as
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4 Equipartition Theorem

Definition 1. A degree of freedom is termed “quadratic” if it is parameterized by a variable x and its
contribution to the total energy is proportional to x2.

This definition is not too restrictive because if the energy is some function U(z) is sufficiently smooth,
then we can always perform a series expansion of it around some value o where U(z) has a local minimum:

1
U(x) :co—l-cl(x—xo)—&—502(1‘—900)2—1—... (38)
and if (r — xzg) < 1, we can approximate the behavior of this function around z( pretty well, since higher-
order terms will get smaller. For example, if we are interested in the potential energy of a spring, we know
that there is some natural length to the spring, Lo for which the potential energy stored in the spring is
minimized. From there, we are interested in what the potential looks like around that minimum. So:

U(L) ~ o+ 1(L — Lo) + %CQ(L L) (39)

But remember that

en = (L) (40)
L=Lg

so since we are expanding around a minimum at Lo, ¢; = f1)(Lg) = 0. So now we are down to
1
U(L) =~ ¢y + 5CQ(L — Lo)? (41)

Another feature of physics is that additive offsets in energies are not meaningful. To clarify what this means,
only differences in energy can be measured. Another way to view this is that forces are related to the gradient
of the potential energy:

- 0 . 0 B R
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So even if I modify U(x,y, z) by a constant to U(z,y, z) + const, the derivatives with respect to x,y, z will
not change. Therefore the forces will not change either. This means that we can always take the constant
term in the series expansion of U(z) to be ¢y = 0, leaving us with

U(z) ~ %CQ(J; — )2 (43)

which is purely quadratic.

Since this analysis is completely general and this formulation is ubiquitous in physics and chemistry, we
often begin an analysis by assuming that the potential has a simple quadratic form. The potential energy is
generally not exactly quadratic, as there are higher-order terms, but including them tends to make problems
difficult to solve analytically. Continuing forward, we look at what happens to (Eiota1). Suppose that a gas
molecule has D quadratic degrees of freedom. Indexing each of those degrees of freedom by j,

D
1 2
<Etota1> =N Z §Cj <$]> (44)
j=1
For example, if we are talking about a gas of H2, which we may model as two spheres connected by a spring,
then at high temperatures, D = 6 because the molecule has 3 translational velocity components (so z1, z2, T3
are the three components of velocity vy, vy, v, and co, c1, co are the mass m), 2 angular velocity components

(so x4, x5 are the two components of angular velocity wg,w, and c4, c5 are the moment of inertia I ), and 1



vibrational degree of freedom (so x¢ is the bond length AL and c¢g is the spring constant k). To calculate

(x?>, we think back to what the distribution for a single velocity component would have looked like.

m \"? muv?
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f(v) (27rkBT> P ( QkBT) (45)

We were once interested in (u?) = (v3 +v; + vZ) = (v2) + (v)) + (vZ). The average value of one of these
components was:

0o 1/2 00 2
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After multiplying this by Nm/2, we conclude that it contributes kpT'/2 to (Eotal). What about a rotational
velocity? The energy term for that looks like

1
B = ifwf, (47)

By making the substitution m — I and v, — w,:

I \? Tw?
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[oo wmf(wx)dwz = <27T]€BT> \/700 Wy exp( QkBT) 7 (49)

After multiplying this by NI/2, we conclude that it contributes kgT'/2 to (Fiotal). In general, following the
general form for (Fiota1) in Eq. we see that its distribution will be:

N2 2
f(%)Z(WZ;T) exp (—5,;2) (50)
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Substituting into Eq. [44]

and

D
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J
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This yields the equipartition theorem.

Theorem 1. Let z; be a quadratic degree of freedom. Then the average total energy contribution due to
that degree of freedom is given by %kBT.

This is termed “equipartition” because each degree of freedom contributes the same amount, NkgT/2.
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