1. The velocity, v, of an object of mass, m, falling in the Earth’s atmosphere, with air

resistance proportional to the velocity, satsifies the differential equation

m(dv/dt)+ pv = mg

where g is the the acceleration due to gravity (a constant) and p is a positive constant.

Without finding an expression for v(t), show that the body reaches a terminal

velocity and find this velocity irrespective of its initial velocity. [Note: You will lose

marks if your solution depends on the knowledge of the explicit solution for v(t).]

It is frequently convenient to be able to compute a specific coefficient in the partial fraction

decomposition of the Laplace transform. Suppose r is a simple pole of Y(s). Thus

Y(s) =A/(s − r)+ R(s)

where the “remainder” R(s) is finite at s = r. Rearranging this equation, we obtain

A = (s − r) Y(s) − (s − r) R(s)

and so

A = lim(s − r) Y(s)
          s-r
since

lim(s − r) R(s) = 0
s!r

.
2. Consider the square wave of period 2a

f2a(t) = H(t) − H(t − a) + H(t − 2a) − H(t − 3a) + · · ·

(a) Find the coefficient of the 1/s term in the partial fraction decomposition of L{f2a(t)}.
(b) Find the coefficients of the remaining terms in the partial fraction decomposition

of L{f2a(t)}.

Note these coefficients are the Fourier coefficients of f2a. Upon taking the inverse

Laplace transform, we obtain the Fourier series representation of f2a.

6. Consider the damped harmonic oscillator

y‘’+ 2by’ + y = delta(t)

with y(0) = y0(0) = 0. This could, for example, be describing the suspension of a car

(y measuring vertical displacement) when the car hits a pothole in the road (described

by the delta fuction). The damping b is provided by the car’s shock absorbers. The

design goal is to choose b so that the half life of the transient solution is as short as

possible (that this, the effect of pothole on the performance of the car is minimized).

(a) Find the half life of the transient solution (for b > 0) and plot th as a function

of b.

(b) Find the value of b which minimizes th. For this value of b, we say the oscillator

is critically damped.
