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 Sowe kWave Re(%¥) = Fl8e!nigtez™?)

we also fae  PLE) = Plwde ™ where - Plw) = 8, ;mcé:(w)
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| = Hectromageatic erergy density v dispersive media Y Ylw)
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more  cave ful needed here
thi at Last work @ € is neal
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. At the coadition where “dw  fs constant with freguency, the
group elocity is constant ond pulses centered at fha+ f"eﬂ..uﬂﬂcy ane
e : : d2wn)
resistan + fo dispersion. This occurs when dws = D
= v oglass. this s~ A <1.3um
- Does mof  coincide w'th painimum abserption A = /.SSum
- Does not. mean. Matenal is  nondispersive  (M(w) canstant)




K mmm.—.é(_rp_mg_ relations  (no .pvonf..)

This relation anses simpl ‘fmm the f_dr.-r that the jpolanzaetion
response  PCt) _and the .d.n‘vﬁfﬂg. eleetnc f:’e,!d ELt) must have a
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« Jn Jackson, It 15 proved That the _Cw;o!_f-fy condition implies
that the Founer fransforn  ¥(w) is analytic in the upper

Jm{f Plare. Ci_’oom‘ly 5f‘v~m b.? @ convergent power senes)
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parts of Nlw) at every -Fn{%_uel_‘lcy- Given ore, the other S;oecff-‘:‘eal‘
(\nuj_ wiodel for lw)  must 5”1'5.139_ this relg-tionship. .

 This relationship is very 9ereral : it celates the peal and iMagraary
parts of -the Founer fransferm of the fransfer ]eunc.'h'ovt for

any caus al 5yaﬁem...

1

Tiu,se relatrons also ;‘mply +heat ;‘f-\ o mwediun reSponds ;‘ns{-an-;‘qngou.s{y_
to the applied fie(d;. (f must be lossless aned dispersion lecs




Lorents - lonenz  Oscillatoy Mode| {\OY Diekctnec Constant
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This is the elbctron's displacement _-Etv_m__&%w_l.f\miu na,
| a dipele momant, The polanzation
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= |

— Cpﬂsuie,r the case ﬂf veak dqmpmj, and look at +he real par-+
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This is the step-
down i ¢! passing
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This is dubious

Sine the X"
expression N
‘Lorentzian)

was found under
the wx wp

ASSumption, but
0N We intmjm'b_
the. LorentRian.

from -0 10 0

Neayr resonane. :
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= For optical communicatian,
two %.%ﬁn.cies dre n,-f interest:
v odedw minimum > 1.3 um
£ myinimum = |55 pue

. neay resonante
i W& w,

: Now |ook at the imaginavy. pa Con A% £ i = 2
- )vsl w/T N2 iy /T
E'w) =  mpe (wE-w)sw/T® *  mg, (w-w)*(2wy)*+ wi/T?
N—g"—' /4 wpt)
s'w) = me, lw,—w)* + L J2T)

E— S 2 ____Thrs 'Fmngxo.[ profite is ‘Fﬁwlpmly
IRnown as a  Loventaran

The futegral of the Lorentziun hos o simple expoossion.

oo NgE e /69 - (1/2t) dw
et dwp g wd = Mg, Twy Jew T by —w D+ 1 /(2T)
e T .
{/jm dw £'lw) = meylo, ' 2 =4
To make +he model wiore realistic, introdue wmultipl oscillatars:

Ng2 f
Klw) = 2.0 B, wE —w - iwlT * SJ where 20, S =1

k resonanaL L,, oscitlatox
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[thosctiiafor
The step-dowm /in £ : Ngz

1s neduced to : ol As’ < MEp W) 5;‘.




I ¢ Integrute the absorption gpectrum.:

| = Absorption coefficient

o SMart wath dimensroaal avelysis .

~Aissipated power oLlw) ¥ —E%% (ftux) :

yYolumwg

o . 1 —

 see §4 EM. erergy dengety Wq\:e_sﬁn.ér ]
= . = LA “Naive 'F"M . .
. wY" = otlw)x ¢Jgr 1

= Absorption  tands fo fncreasSe

T — u i " g AL N L
> (.@{(u) = CcJI&w M-Cuﬂ with prigventy

gy /'_-C__ ¥ .s_.r- — —
(wi—H* + w71? dw

el pal o
_f,,mafrle dw = '/o‘

¥ _(_E'_J,‘.._Z. w0t ewtTt | Sy

oL B Assume o Navwow  horent2ian  |irewidth W > W,
- B ey % Assume JE. is consfant at ecach wsomnance

| Problems weith the anodel

(dublous ) tactegrected

LoventZian,

Lo B D O . T | T S ..9__..Ej,_—__._.__ A< | . 1! : -
.Aﬂc_t__(w) do = 2 %%E_o gy "E‘. Té;\ ‘/" Ry
) Y gt 4 _
" = _m_ia,,. 2 ol Zufé(;_ JERETENN SN0 S I N
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Express as : []a dlw)dw = &y ‘' 4umge| dostiyond

This vs also called the p5cillator . strength  “Sum rule"

1) The index of refraction J2r  sheuld rever have been talen out
_nf the integral in the akove denvation. [ is unclear what rnckey
should be used for fhe Sum mule 1 _

2) In \‘\M"Tl'nj the ex pression -For dlw), we used the non-dispersive
form of fhe  EM erergy densizty. But wee then cons (dered cases
rear pesonance  (where  dispersion s maximum!)
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) I__Ef gw X' 81" = og_@'_ g_ La.’-__'so £rj_5_fz_)_ ol r%; I __ o



3) Lecal Fields were not talken iate accownt
* The Jntenal  field  (or locql field) pt an atoma 1's not ekactly
fhe  extemnal fnelal Sing the SMmUﬂdlf\Lj digole saovents  will

. mﬂmce_ the Jocal field. S——
for a sphevical hole, & = ¥, % -3.&;;

CMSlalzr 'H‘;’. case. of ne ﬂes-foﬂﬂj force fm ele cfron gus

Mg - S —
& = | + "ng Z w* —w?* — (w/ T
= | + fvv{&n —w? - jw/T
Nz?—.. ) T V- L Vel i ]
L Er = j — _MEo W+ wlT This s Hhe  dielectvic constant -For“
a plasma, or f[ree elechon 3qs.
A ssuming no _damping, Ly =3 0 when m the DV range
AT 5 in mest metals
0 >8 =1 = wmg w* > w? < wm§ \/ _

©
L) L 1 Ngﬂ
This s called the P‘_ﬁ_ﬁﬂml{ e = Mg,

© When £ <0, the refractive indey M is pure imagiaary So no
hvaves can propagate n The medium

The conditon of & <o can alse occur for a dielictnc wear resonance
ff the dampray (S weak. This s called the polanfon condi-tion.

Coupled moda Fomwinﬂon o'f +he Osciflator modal

* There is an alfemative , eguivalent method of denving this model,
[t invelves Simul'!'at\gou_;ly Solving “two coupled eguations: one for
material response B, +he other )Cof- the electmwmagretic wave E:

— ‘ Kol —
@memh'o& [(Woz*-wg') - "%a;'] P = _r_'yg;.‘fof. -

Max well s egvuations jn the time-hamonic, Source-free formula-tion
ﬂim 1 .
- "'1g 2Q 2B
: V *}loi‘o.mz = T Mo N P
@ EMoguation.  (=K® + up 8o w*) & = - mow?P




Ng*/on €
From. Yhe matter equation. we have P i Cinfe@t) Siw/T
lnsexrt this into the EM eg uation

__kzg * }ngd-(eo’g "'P) = _KQCE +/r{a_w.a-£p£o (g = D

e — Ng-"-/%--&a- — - | S
whesre £;:- = , =z Cqu' —w?) —lw) T

exacHy what we p.mn_‘ou.x_f-f _denved .

. Solwe. for the wave -vector k

= o (28]
K= = ppw* &r &, > k= ¢ Jé '
: The dispersive shape of Erlw) s known.
P o™ A Below we plot K(w), which is what is
el 77 N _more commonly <called the dispecsion
- e _,.':._i“:t%i{_‘fi____ . relation. 7__ SPLE| e
| — ___,_"__ - =Y —constant - .
7 _ When  w s squJ_ =%, Kk > t_’ "
S ;E?\’L,Wurc " 3 When w s &acg,e,_ L 4, kK= K-
| gy & These are Jike normal EM wawes. Baf

What happens near +hp wrddle?

i

= A!+hou3k t+he coupud rodle femwfq-t:an ohd not really tell us qntﬁhmg
rew, o't does shed Iight on +he nature of polantons : these are
Ooqpied electromagretic /[ matter oscillations . . !
© At very low or high 'Fmg,wmue.f, It behaves as expecfed
* Near resonance, £y (w) changes rapidly, and £ can be regative,
This causes J o¢ J-.E,T* to become imaginary, and a band is
created wheroin Y0 Wwaves can pmpag_atz 2> a polanton 9ap

- The exlsum of a_ polanton gap is the s-l-mnses-l' statorment Of the
So-called “ polan'+on condition

« 1t reguires 1) the oscitlator dmgt-rj N + be high
2) the damping Tt be small
These  conditions magimize the degree of anomalous dispersion at
NESONAN Wy , which males i+ wore l"ttch{ 1o ackive £~ <0
* In +the  absenc of any. damping (T>0), the wpper and lower
bounds on +he gapore W, and J&uo + Wi where wp = Ng?’/MEO




* The necessary condition for a. pofariton gap to exist (g’ »0)
can. be f.au_nal to be a-pnmx-r?n-aﬁ-ly: _{wp’: > Qw,/T

There are wealker Statements __.of +he —polanton Condition.
_Consider the cqses below :

ol \ /"
4 1 s
5 X Yo [ N Thiee ft\é wencies at
o [vo P E
s bre valwe of
" I
(e2] - I \
£ I
> > k. >
No_inferaction, K VYeak. .Cuuplf.nj. .S'\'mmj __Coup_l.in_j.

EM wave in vacuum.

e
+ Jhe ‘weeale coupling condition is given by % =0, We wll make a

s.l'm.ph'ﬁ'ca-hbn b‘f C.O.'ﬂSf.d&'ﬁ’."? 0?\»‘7 the nreal part of. k  Cassuma K" =0 );

e et w L dEL
‘a"i.a".:-‘-am(JE,} = e T a3e Jgr ow =0
2.8;-’ + i) %_?Lc) = ge | AN A —
Condition  becowes  w 3@ < = 28,—

_}f el ewaqute_ -Hru.s LXpreSS DR using The known relation for
S,-'(w) hear resonance W % W, the condition can be
newntten as lwp >f/r"(

* Thus, weak. Cou.pl-llns does not m.%u.rae us Z_n.rge- of a valve far e
than the condition for a polanton gap.
of intenest)

= In practie this means that polanton pesponse s sean i

. matenagls with a h.fg.}j. .a&eﬂsity .ef oscillators (N) af a single
Nsonanc

(since tug > YT in most cases




Nonlinear Optical Susceptibili -_f'_"i -

| = Nonlinear opticul response : . N I S— U S NS S —

: _______)_ ' g e -
pet) = 2| U Ew 34”‘2&) OB e |
e a™ovser v B e o [

R e e e e s 1 1 B IoP P N0t [ SuEEE £ o | = —
only oecurs in. Media : |
without mversion ull medio o
Stjmﬂ"t‘fv

How do you lsmow yeu have an  anhamaanic  (Monlirear ) 05ct ”orfor? _
. Orolmr__cf_ magaitude. analysic: nonlinear effects oppear when the
dn'eing field is  comparape to the elctne ffdd holding the. atom

q faje-i'h&r_ .E’mm_ = 2V/odnm ~ 2w 108V / e

* Thus for wost matenals the nonlinear susceptibrl'ties will have

magni tudes  around : ) 3 xca)
- x(l} =~  Eatom IX R 4
. which gives : P '?C“)% [ | + (Zn-tom)__ B C&mm B S —] o

Anhamomc 05cr11a:!'qr__analq$:s (E/' E and /}3) SV I (E—

_ Extend the klorentz wodel: =

o)

I ___'C_ﬂ-n'tm{sg.m‘ﬂ'ic

EPINL . ity ST UL .
S Mk o+ e 4 mwlx s mDy: = 2€
o T T s Avhawwonie comporent
stbnns 'F'"U' _ The cow*esponclt'nﬂ ,Paﬁa_m‘Hal 05,
: L
) = :/I Fdx = + Zmuwyy® + Tmax®

oy gn 1°¢ awamani’c

i, t i

Assu\me. \ZLLC’Tnc $ield has the -Fomm g = Z ot + & e : -
. o R = de et dela ™t gyt Gl

Wn, e Soflne the e%ucﬂ'\on 1&5143 P&"i’uv—hahm -H'\eav»[ QSSummg

that  mPyx* << mwy X, Uslng the pavameter A (0<A<]) to

descrbe the perturbation, we renmite the Cguation ag:

= X z !
X+%+-mg‘x+bx2=)\j’n? _ e

}'
Axa NP B

and we now expand ¥ as a power senes: X

Il




Subostitute - _— _
e o ) T LA i it x“’)__ _

3 Wo ()\.)Ccl)" /\,2)((2’ /\3 )’.C.h’). " ID()\X(H 3 )“ ‘)c kﬂ (3))
S R AR T B

| _Moﬁgk povvers of Ry S VE <£" . —
1D SRR ARSI AL TS S A —7 % satyshies the
ki__ "J'C'U') = _-L,;“ ,)-L"u) % W:‘)Cﬂ) i D(xn))a = 9 lovsest ovdoy egua-tion

I R A 0 AR Dl i) L Sl i |

ggu /W\. —fw,t
= We hawe already solved the fr'r-«s:f es.wffbm x = 2'.1 wE =witiw, /T €

i Ez {WL Tk
= _Z'ﬂ_ _-.&'.{Wn.) (& Lx

il g
192 o)

Introduce  Sorthand - 8(w). ?_u.!:;wz_— TG

= Substiute .'X.c‘) info the }Lz ﬁ%ua‘ft'OW. +o f\'an\ )(u)_;.
Pl — o By __>_
@ 4 g e Ik = - D( d(w)

¥  Caution: when the eloctne fteld s s%uaw.d fhwe are  various POSSIble

ff\cgw,mlf f_EQMBmQ'tms ’

(Re f) ( f s T g* e oL _ﬁl,-,‘zzv.e':if’t_ E!F —iwat )2 t
__“,.[f,,z_ r2ort .2&‘5,* s 288 &_'fw.*wa)t .2 {%l  Tbwy =)t

-y [y ~w)t [ (w, = Wy
* %T’?\i_'v-f J*ﬁfﬁh“:’\)’ soexel e ”“\) A

7250, .
o+ e e L €Y e " _‘f,: N"L* ] = ignore
‘ i {5

I

[ V0w, + 2, )t >y
'iafg_ﬂ ' 2
0t

t
4 e
+ 1l L 2 (get e )

L jaw,t
£ e

i
-
Y
(8
3

(Re 8)*

Now soluwe -j:pr ' cm)_ e the  samae wo_n:j, .g_p.qm‘h,hr _for each combynatiaon
5 ( I /
2 ) = =D LTI w,.).. 3.(2w,)
- d (g2/m) (1/4) EF
Y (aw) = = D dlw)T - 92w,)
Then the polanzatisn s -
PP aw,) = NgxPawd = g, Y20, £ ()

7 &_ )(fz} D)
X 0w = gy T$ziw) < Yaor o



TN, {:\-na\ ‘FM‘BW“C'] must
.s‘nhs-[:j w, + Wty =0, Sne +he owverall -fr\u',
trecsy F o= e’f‘*’l*“’l”"s)’c Cannot be time ~averaged o 2ero.

So :
= — - - - - N_ ,a,_ - - - _| —— -
i & (2)("_-1[‘\21 2y, Wy ) = mrE, P -4 ).2 2(2w,;)

- y 3—
D mig, ma,) Pt v U 20,)

W

‘k_.m}:("zw| (D, W, ) ” D £ I‘—E_gg&' /X(r-}(‘a',._)'z fxc.l)(-z‘_'u'[). -,

n .3(J,M_f‘(1}z It cav. be shown that: : u

G 4 e, enean) b ol st X oy X w23 X o, w0, )

| ; . - _
Miller's vule: observe Yhat +he Q_((”/(‘}c“) juotient will be o constant

-rvr GV‘CV\f Combination ;

ﬂ)( (W + W), Wy, Wa) - P q’“f‘l:z
E I”}C D XU W) XA wyrw,) N8 . I
¢ XD C')C"")s. )')_t'ghr index matenals have greater nonlinear.
_ SuSCeptibility. I

‘.Xm s 5r~en'tu‘i“ PAr e SDAANLS W s hrgh Bq'f'
absorpfion  wlso tands o be high

- Second-order nonlinear effects : s _
_ 1) Second bamnm__ge,mru-ﬁan: (2)( 20, w, w)

‘,%__ﬁumb_/_)cmsmcnf gereration 61)[ (w, £.w2), W, *—wn.)
_3)_Optical nectification K0, W, —w)
Optically induced static freld
| 4) Electro- op"h‘c e-’cfet:'t ZG_)( -w _é{) L 00
2)

:_,, e ,¥,,P _&a ‘)CUECL*’) € ‘ﬁo()(, (-w 00;_4_0__‘6_74__-

- 90 (Xt + XPC-w,w, 0> % ) %
— Yy ——

Freld d.ependmn-P "e.‘Fer_'hv-e ﬂdu.- thnge

= ﬁe.fq‘ﬁw. s‘l‘vf*e.nj%s of, ﬂom‘rmqr sffecfa depends on QJC;OQH.Sioﬂ of E
P(l) = 20_ (2) Q

2, PO - X D20, 0,00 Mz z, e

T 'X ( 202, Wy, wz)(‘f-gz)

+ Y{“( Cuy +0,), “u"*’z)( 288 )e

L Sl CRTTETIS BTN |64 % O I

K ‘Xu)(ar ‘Urr“wr)(:a 2;‘& ) + u)(o wza“wa)( fzfz)

(2&0‘.
|2Wa
Iw, +wy)t

r(w; Wz) t




- Tofiad KD for this case, . plig ia KP into the KZ
e&uqﬁan_. 'ﬁf vl need te be fo_q-.n_ol, g_u:t&!?.._c_omph'm Tring. +he

math ...

Contvosymime fiy _J For this case. use as jhe r‘esfar:mg force F

The comes ponding = potential Is : -
D= = ) Fec dy = imw) x* - z om Fx*

Not'ee ~that +this is an ewren )Cunc;-.tr'_on.: the potential 15 symmetnc
under- X = =X, Se thic comesponds o Sys terms wi-Hh invers ion
h -ngm‘f_nf_ , - Such as Isotropic / mtrosy mmetnc rnedia

— M mFx’

) v ___.__E%ua‘hm o_-f mo‘hon P e
F + TF +wr - F(RRIFE = Em_
werth . Y 4 =
— =2 e e = 't gt - I Lt L =i
2 = Rgil" ¢ Eie iy e LF _ZL Elwp)e "
e ok Al 2 () 3 ®
Ajnin, use. pet-'l'ur_b_ft'hon -?N.ov\f B s AP e iy Y o
.'_'_,c;') L) 2 ) 7L
he 2D L Hpm,  gpw . B
e TP 0 TPYe g B~ o .
1\3 . r_C?-) < ~_E-.r,_( )+ fu:' a) E (ﬁ“) C”) D] 0

Aa be.fone., the solution Fo 'H~¢ far.s‘l" eﬁuq-hpn. s H‘e hmar yesponse :

—>CI) Z —S‘m”'m_ =lwet el

P fk?n.) - , -
Tha ‘sr\u&r jasaap'i'tbk\vlﬂ s ‘Blm b\s ., - — m,j:g.‘fm
. p{"l)cwn;) NB 4 (4D (WI"L) -I
Yet® /
i _ o) -
p.;‘ (Wp) =° 20. E‘.J x.y(ﬂﬂn.) E’J‘ (wa) = Zp Z YC)an) E?U (“"n)
7] Y ECW ) —wn
5 & X lwn) Elwn) =" = Mg Ey g nt

: Lintar susceptibility for
Qt.'wn) Q-R,n'fm53mﬂ‘QMc c“ﬂ“.’ﬂi

30
L p

z

[TX “ (w,v\.)
jiie

p— —

Tensor forms X rlwy) = mg, alwa) |1 -0 0
: w0 Al O

o 0 ]




e — ¥

A\ 2 .
-~ Consider +he X eguation:
Soe2) L Se2) 2 > (2)
]

e = O

This oseillato~ is_ damped but wot dnven! _

a

Therefore £ =0 in the steady stater | X = 0

TIPS L TR | for an. dnn-’rvrsﬂmm*"c sgstems.

: () e
| * Tensor fo_rm‘ P& = & ZU ?(ku_z ‘50 ___(In_dice-s__av_'e_ a.l.t'.s:eCfr__fM_S)

In materials  with  inversion  symoeestny f!fpprnj all the directions
__ has no effcd :

B B :
I Jusy, '_pK = _2 J[ /X(Z)( g})( gJ EJJ 9( f.,‘ ‘f_;'
__This (s consistent only f ')( kij = 0

~ Now consider +he A egpuation , subs+ituting r s
= T e - .

;:“3) i rr3) B w;-;—_scs) = F (r") -um) t') . _ ) )
harmenic [, A -:(wm-f v + e 3T

[}
P Vo) Alog) > F s T (Bton) - Eond) E 10y SToom5 0y 2

- CE Com) + C Lron)) Blwp)
- + Wa e
r fw;) = }— Z;r ‘zn_z_s atwm.)a(wn)alwp)ar:wg) £ i

wecies _af

Wnte the polanzation as 'F’"‘ﬁ ing $ield
‘nfﬂ 1elds

- , 13y
ﬁ‘(.g)[ws = & ZJRP- Zm.n.p 9&}&& (WS om_, g, Wp) XJ Cwm)fhﬂwa) EJ,CWPD
“”;*:f::::f.:’i oy -

Vising P. = 8 96(3) = __N..gFCB) we  have

4

o =7 - "N"z* Sk Sit L
W ijes (Wg,éf.?m,wﬂrwp) = F 2w dlwm) dwa> 9L 0p) iy )

= In this expression, the deltas onginate from:
© 5ig: +he polavieation comporent (i) must match +he wector
Compones nf /':{3)*.‘(‘.@) — .
* S/k : the dot pmduct L (wm): Elwn) = Zd..l!( E;(om) € (wn) Sjk
this _anses frmom the jsotropic nature of the
N C_.Y\fsfnf, assurmed _in the original expression 7.%;» +he
res "f_on'/‘j farn_




| = Retum tao +ha polanzation expression.

3y —— FNgt —Ejlwn) Eplony Eg twe)
Prliog) = £2.2. o D00 (wn)Bliop) Auy) (S it )

JkL mnp

Several ferms in dhe  sum will be (dentrcal :
o 2g.

O € (wm) Eplwn) € (wp) §jkc Sia T—® Eo (w0p) &1 lion) &) (1on) ok 6y
_ “‘-—é‘?JHL,mﬂ'P. . _
- - = ZJ (wm) En pr) Crl(wn ) SJ& 8(&
: M&>p, el

Each .of _thase  combinations  will oppear twie in the sum

To d.a__‘s.p)my __this. _.sym-fr'?( cexelicitly, wnte tach '}(,g'.kz._(wrm Wi, Wp, We )
Componegnt a.s I,/é the Total Sum :

Kijka (wg. wm,tn, wp) = 3m3E, 3 lwm)Alwn)dip)Swg)

2

(‘Om‘) = _mg, Alwm)

1)

Ranmite this in teoms af the lirear saseptibilities: K

) ENgt /7 Ng® )““- : T 0 w

e (Sjebie + SorSij o &jadi)

Final result is:

23 ! ;
Fme, o o | . -
A ]—’)7,.{,?;’,& (1 m, 106 )= THEGE K L) X Co) X i) X ) S Sie + $ur 8 +3}u§5?
|F Crystal is This MI\:TMS the ‘I‘hfwd-Ord.-er susceptidility tensor _ /
@ntrasymmetng

So v, we have invoked %wa)sgm“cty ef an (sotvopic
s Cubic cwstals

. Matenal . and .~ Intrinsic permutation symwmestng, which
%TTIS:?PL\; - s merely, the Staterant that the owltiplication order
have inve?'sr‘on of fields” i zj.{wm) Epwn) &y (wp) does not watter

sljw-w.‘h\f Lirsy 3
© A centro -..é‘j'Mm‘fh'c orestals, the. [oevest -order nonlinean-y

/s ')6(3).,,. Since ’}f“} does wnot eyxist

- Also valid for all /r'gui_d's, which eore jsotroprc

2 En,sm-;im ._.{_3-"3% :
- %P has 27 elements in its gereral fom, and for second harmonic
gensration this is redued to I8 (sine Eylw)Eylw) = Elw) Exlw), etc.)




- Kleinman's Symmetng i Works under the assumption +hat away frpm
any. neson ances, the matenal I1s non-dispersive |

Nomally., ‘the iadices of 9( cannot b€ peemuted without also

_peremyting the +reguoncies L daderso] o ey oz
pemyTti 9 fmg cie ;‘,Lm:ﬁﬁ.m sg_mv“”-"“/
€2) 2y, ﬂ (2) -
')(;_‘J'_/L(.teszs., wwy) = Xikg (05, wa, wd = Xy (W, ws,w,)

Kleinman's §3 ety

s e T, ]
Kijk (w3, 0., 0:) = Kikj' (wa, 0, W) = Kk (wy, w2, o)

)
* 1§ this holds. the elements of - X which Share o pemaytation of
ca

2) 2
lndices. will be symmetnc, e.g. 'K.Jtrj; = ')(ex(j, = Xégx , ete.
" Thrs reduces the num ber .a,f independent elements i '}{(2) From
18 to 101 (for the SHG case of w, =wo3)

= . | 3 e aunals L
- ’)C_CB has &l possible elemants including intnnsic pemmatation
ymmetry. This  comes from.: al,

¥ eloments = 3 x 33 = F[ eloments
H* c0mpdmﬁ+5 \ # - permutations o'f— fretd — = = =
in B Compocents n £3
Reductions n +the number o:f independent eloments a a cubic
C"\[‘.S 'hll L Y

) D) (&3]
1) Diagonal elements are equal dwe o rsotwpy = Lyxxx = %ﬂ""‘f = Vaaz
2) Terms with an odd vumber of subscrpts in any one
direction are Zewn duve to  inversion S_jmmcfn-[_;

€9 pg = (yi?)x-f g.;( (wm ) Ep (Wn) ﬁt,ﬂ‘»dp) 2 Yy=2-Yy
px = 'y)(?xxy :fy Lom) & Cwn) (— 2.3 (wp D))
. .k )rxxﬁ > 0

This alse weans that oy elemernt of ()Ca) with thiree unigue.
disections (s pevn.

3) lsotvopy further iatllows any pair o‘f of the same indims to
be. swapped  for o pair with o diffevent indey, siace e
coordinate axes are epuivalent

L T .er»y.sr = Xxkea = wax = b
Kygxy = Nxexz = Xyaye :

l




With <these “+hree conditions,

thewe are onl ), 4 _.m_dape-h dent
’remw ‘.q (X(f;) i’ :J
' (3) = €3) (3) t3)
Woeweso Ko s Keyry o Loryyx

Use -fha resutt. for )(’.(3) denined  for Lo centyosymmetive cingstal :

3
8 | Fmgs— ; ) _,
_ Qt.’m_, (g, Wm, W, Wp) = 3h3p# Y s % Lwpn) X Cwp) A )(ws)
() B, R RS St e
9(::3,::; (Wsz Wn, Wwm , “—.’f?.)
Wiggy (g, wp, wa, wad

This leads to 2. additional. .{.‘nr.‘.fs _Q-f'_ Anterest

D For Yvaw, s+ Sue Sij + Sjadik = 8 and the

order ..of +ha _-F.m.gusehof.es does not naatter. T‘-\er@fpr‘e i+ will
b :
dlways be +1(f;~)e, \J_-i-\a"i’ 5 3 5
. Kyrxr = .'Xxxgy * ?C-:rgvj * Wyyy
Jo .fpr o ControSymmvetrye medium  Hhere dre only §__ independent
elements ia Y,

2) If Kleinman's symmetny holds, the freguencies cam be swapped
fnu!y, 56 _
€3) (3) ¢3) L (&P
X Kxyy = 2% xyxy = X Yyyx = 3 X oxxxx

So in +this case there Is onl\J a_siagle independent a&mw-!—./
This condition will alsp adwtomatically held for +hicd - havwonie

generation (= wom = ton =wp) without reguinag  non=dis pers ion



Third - ocder nonlinear effects :

1) Third- haymonic generation '}(m(“&a, W, W, 3.
2) )n:&msi-}j_— dopendent ndex c\'\gn«je ’Km( W, W, —w, w )
O = g, APPw) + 8P (o, o, s w) El) .

=g, L) ¢+ AP w, w, - ,wJZ‘é:cm) 1 200>

\_.--'— v
intensity - d-apo.no\z.ﬂ-t' c\f\mxse in 0L

3) Etz.jfmcﬁve_ 1nda ¥ chanqe caused by a  Secoad Pvea.uency ?( (‘wi,wu wa,W;,

pum p Pmbe.

4) Raman gain caused 5_7 a Second fr\egmcy ¢ Im [V“( Wy, Wy, Sy, w;)]
Pump at wq @ intensity }.2.(&0.3.)[2 Is propotrtional to the garn in.
E(W[J- T1"\ﬂ. aﬂl'ﬂ 1‘5 ol [lm Y(n( W“ Wi, W mz)] ) gCWQ,>[2.

€3) '
5) Four-wawne m:xmq % ( (2w —wz) , W), W,, - wz.) :
- Yarious combmaﬁoﬂs tre possible, 9emm'hn9 mﬂny new fmgn«encms

é) Tm-:pﬁa'f'on _mbsor]p"h'o.rl. 3 IM, [ rxts”f“ﬂ_; W, , —Wa,, wz)] :

L’_ The absorption s o« Tm [’Xm(—w., gy, =W, , m;)]_ﬁ(w_,) _‘E*(Wz)

7) QD{I‘F{, or _oabsorp-tion sSaturadion: Im[‘)[“)(vw; W, =, w)]
Absorption coeffricient o Im [ ¥ P(-w, w, ~w,w) 1€ lw)]?*

' Quartum mechanically, & high fatensity beam can deplete +he
electwnic pspulation in the upper or Jower states, Lv_qdir\s +o
Saturated gain or absorption
If Im X >0 = absoption

Lea X <0 =  gala _




Wave Eguation for Nonliear optics L

=~ Wi4te +the polanzattion  0s:
- U.sung Mame_s e.%uaﬁms wdka J =0%

Tale cur( o_f Fa_r‘adas!';s law =

I YL ) TR A

B = s ')ﬁmf ML
Prr Eo ‘)Cff:c) _(fj Cr

CEinstein mv‘[‘ft’tob\)
P 0, we have S

where we congider 2" order ponlinean’ 1__7

V«"‘H '_at (&ﬁ) + E&PHL

Z 0

B __V" g = = .a_rf;,_(/uo}:(.)_ s, S S LY - .
Prx(PrZ)= V(TR )-V2E

' e ___'_ s ___Q o=\
> V¢ = “QV ".C at£ oH‘>> 628 gl I
= "-E( x H) = Jot Jxe + Mt
2% P

Jo: vie - Mo & 2t* = Mo 3t
__This_ i35 tre  nonlincar wave e.bu-ﬂ‘l'l'y"‘.\

pmaqt}a'rina‘ ia_the 2 direction

Considar Tthree wawes w; , wz, w3

Ly ja kJ X or y. POfania‘hoq

814’._ RQ. ( (fu_(:%)_. '{<%_ =L t )

P = Ro (Par () ¢'53% ""’Jt)

<
_ = Slowly vavnying I
A\'\'\p\\?\‘dﬂ&

+ Consider €, 1o be the wave, then the nonlinear polaniation 1S

. 2 a PR SYPPTL SR ( SIS S
P () = 2o Nijx €3 (2) €l (2) RS e
“y

« Meanwhile, ,usfr\j Fhe 5Jawl7 vanging amp i tude approxima-tion,

. 0 d*E; 3 it
V2@ .,(2,t) = [ kL‘fu.(%)+ z:k fe“ Féi] ik

_a?.—i'éh Ci,f.'-) = —m’ %h CE) elk,a-—-:wt

The wape eguation becomes.

: o€, () = -
[kt s ooty + aitg G5 ] o120
Ity -ty )2 - (lwg—w, )€

o= Eojote 2 Yok 41 (2) 83 (@) e

K The lincar wave eguation N’.%uim.s this



&ztllf‘y (}(” I's used +hmughoq1— “fhese expressiong
by Kleinman'’s Symmetry

= Dropeing the time dependemar, this becomes :

e PP ' = J(Fy— ey )2
2/K) — dZ g = By o wi Yyk €35 (2) Eax (2) g. - *
M _2, Eﬁw ({‘_ -.._k- —E_)%_
- o AN 2k, Y:J& %%4—2) cE.u:(i) E-_f -
0, d8nz) < wy
dz -

Teg=ka2- kD2
JE, 2ac¢ YUK%_?J 2)&1’@2)2} S

B e Vo

DK
- We could also have Trea-ted .-‘22, or €3 as the propagatiag wave, wh ch
results an: .
d"‘g‘akﬂ!) —r— =k =k)z
@ BT - e x?ef@ e T
d¥fz (2)

LWz (2)
a3 3

—illy— K2 —k; )%
YE 26:% Eiita) Ex (D) € ’ J

= Notice Hhat ol three sypressions shawe  AK = kg-—kz
AK 2 0  even +ha_u5k Aw =0,
Consider fhe case o

Use the last csun‘h'am:

d2

-k"

because M= Mlw)
Se cond _harnmonic geveration.:

Wy = 20, W, =Wy = )
;

e

s ) I AF%
= T&s 20 X" Hiifouc o

/
We -approximate these fo be fired with 2

_ .“J.C_cn vs.small  enougle
net o _5.-‘3_n1"7c-".can1'l7 perturd the applied ffefds

+ which contfinve
fo  trovel as plang waves

= I“"ttj"ﬂ"l qlo_ng t&wﬂ"l"k Of Crystq|

! ! Fooe L —xl S
€3 (2) = acd €2 LY 8 Pax _A de '

- 0" [Aak- L |
1ws ¢
= acl 23 X fak ~lAK

Q,'-—I.&k"'—'t \ e.fdk."-l )
(¢4 (2] = 4(:’83 | €017 e |2 1™ ( [k )( (DK
s =2 -e‘-’“‘“"LJ)
= Fos [ 1 a1 X ( ak*/ 2
/%‘3, {Z)IZ F

Wer 3 sm*( ak-L/2)
Fesg )il ) AV by Ao b (AK/2)*




Tke_ relafive s‘l’mna"rh of The sumi wave 1S
sin CAK-L/2)

C3;(2) |* Wy, ¢z)
€ [ S A VI L .
This is maximized when [ = ZAg il S 3 penodically
i (2) 3 lg, oo d
S = s f ol
S T C_J._E.a LK b\:”g_ ,f

The &fffct'encz’ of Yhe  nenlinear
process is increased by haw ng. =
Ak = ©O. This Condition (s
called phase matching
2 Also eneases. the  coberence e
leng-th Le = Ak o;f c'T.sfaJ._ /A comrw. length. for
‘FN?‘BW,VNUI \/\mymn

= _}v”\en AK-:S qul[,_ ‘H\& wadve. and ﬁ‘e Fietds dnwag the polanzation

are jn. phase ower o long  distance . Jor Second hamonic gereration,
P 9- 9

the coherence length i -
Le = 21 /(ktzw) ~2kw)d) = an/ [zw,('n_c_i_w)_:n_(m))]

_chp‘cally N2w) ~mlw) & 0.0, o Lbc = [00um

~  One method o achiewe beffer phase matching 1I's to use an
anisotropic cnystal which has the penperty Mo (w) = Mo (2w)
Jor some incident o irection _
« However, This respense s rery Sensitive to angle gnd )5 nof

that wobust.

= Altematicely, the efficiency can be increased by stackis g crystals
af.a.ng 2, each with size Lo /2 and having aH'erha-hhg cvyshxl
enentutions _ _
- This allows the sum wave's power o increqse continually along
the  chain o-f Coys tals (shown above )
Poled kiVb Oz  can be made to have Th's property: apply a
field across each section _Qf_ the crystal o decide s onentetion
Creguires high femperature to set crystal)
+ This |5 eqlled "%msi-—ﬁ"‘ﬂs_‘!'mﬂcbiﬂj {



= @.n leg - Rowe refations | -

" P dEn  d%a  dfy |
: Mtﬂ'l'fp[lf_ the eﬁua-h'ons for‘ A2, dZ . d.zJ b){ their respective.

L pave Fields o more d“.ﬂlj_.cfl_t{‘y _drsplay.  Thes~ ggoanetry

) i Z}f d2 = g, ac %Uk ?3,!' gﬂ: & ..'fer _
2)
d&k % .cﬁ&_an.‘_. iﬂr
(ne dis persion)

¥ =Y @) ¥ L F Ak 2
buc dz = Vg 20 Y 38 ¥ e

¥y d 2 Y ., -iak-2
ésj o2 = Vg3 2c ?(:}k %3; Eu )i e

Tomalee  these expressions mMonre yntuitive, express in teams _of |

' L 2 _ !
Jﬂm.ﬁﬁj. i ;!I_.Z[,' -?_\/E, £a C_Eg % a8 d'ﬁf
Y e B - ofisc (& 33 + 2 T3

. ¥
ofF-s 0 o [of b o (eXetF O ]

1§

PR I T R W K X
- % w, K ( [ gs,‘ f;; f,f ol 4% (fﬁﬂcfﬁ o 1aE2 ) 1
2 %I%'L = =28y w,‘x“’ Im [ €/ gz"; t&f 5 J‘Ak-z]
% = ~2g,W, ,szJ T I-‘&J“ &’i g* o P8k ] | . :
I = -I
%% = +2 By Uy X 1m [ 23 EL & Mk'a}_ s . a3

= Pam this we se that the spotial vanation 6f total intensity (s

dT L5} dI, dfs
42 = 42 Yt d= Y da

__ 0
=22, %™ T [-ﬁaj £ 20 E_:_f_e ‘Ak-gl (w, + %_Ws) = 0

© The equation Glso imely a  conserved guantity:

AL, VAT, 1 4%z
B—, Az = Wy dz T T Wi de These dre ‘I‘M’.-Manlz\f- Rowe
T"‘\/“"‘-" relations.

photon number at w,

L.
W T ana ¢ time




= S.l_fgh‘H\{_ rewyike e tolaions :

oz Ly T R}) = da \Zoy _a_oa,) = ,_ai..a(.__,“ :.?z) =0
This  States +that the vate at which w; (o w, )

0§ ceeated is equal to the yate at which w; vs created.
2 Conservadyion of enecgy.

+ the cha.nje in photon numbevr (s the same at
all 3 freguancies

‘ F-l.r.s.'!‘, what 15 The z'f'fec'f' on Md-t)r )P comple x E,,?

N = (m' e im")? = £ & o EY
'y 2im'n” - n"* = g’ 4+ ig" - _
. 4 &l = m'?2 - m"*  Compkx £ gff_;efs_ both,
£’ = 2m'm” _parts °f .
Consider a wave with complex Indeyx: 1 st
__,.m_g«.’g__z, _nle g e —anla
$(2) =~ ¥, e e 2 I(a) = |Bo)Te” ©

}f M 20, The wave a-ttenuates

= 2 - - " 2”,”?4} =
. COh“i'rowY to wha+t Eli claims 1n Jecture , the attenuation [

15 exqc-HT the same as wbSeorption ! {!

s 15 > i
o = mie Lilw) = ol (20n") )
: R
absorption oL = c =  ottenuation

¥ This e.%uwalehcz is made 5'1 Yanv’/

The onlsf. tase wherne attenuation does not :.omaspond +o absorption
s in Fofal infemal reflection, whese Fhe decay constant )(: the

Lvanescont ware comes -fmm_ a complex oangle ( fm.m Snellls
law) rather~ than .f'vm n"”

-




_— Absono-tion and nonlinear Sﬂqu:h-'bHr'tj
Consioor:

P~ g (X xP)el?) g

f/ ﬂ / 7.0 absorptio

£ 3q1m
il g e s Retyr el R) 1 I (YL ELY) /$_ N
- —Intensihy-dependent _lh‘hﬁ-\flSl‘t‘tj- dependent
valﬁim in e x : abhsorption

* Two-photon absonption ;.
CK,(M_() - __‘fm IM[%(B)(“M;&)“ W::wz)] /8 Lw,)]*
—_jzmujh. 'J(m}, the  Hwg photons nmodulate  the
I i bbsorption. of hw,  phottons.
(bref discussion)
- | Detailed balane : in. thennal eguilibniam, pmbsonetion of lLeght Js aluays
/f halanced by spontareous emission

Jee 8 for .
n%orﬁ:n?::fs . )ﬂ.""’?.d'»];e B = b.n'g_hﬁtnes.s___;_ .,#_.ph..b.‘t‘.@.!‘s.@../.am_u./.H% /5/ 4w st
This J5 given by the Planck b[ad;.body distrnbution:
1 S'i'imulll“'-FJ
Srery®— | X abs. ¢ epacssion
BT oo a8 e MR ~ ) L. S
. -?,;L '
+ Consider a two-level systera with populations r.: : hv
Na, Np and erergy dif ference v, : New
+ Detyiled belance Ngwres‘ (over a fmﬁv«encr Sfiee Z)V)
Srn2p2- AV N
X e iET L | (_.Na,ﬁ. - Mooy, ) = Tsp
B . - TV ¥y -~ B . .
T T Ks'pomngous
elzc*wm«gne-h:, energly “hso,?-tfon_ Sﬁmuh'l:uJ emaission
c\ansr'h’ ' emission
gren* v oy No a5 N Ne I o
8% 0},("‘ Noiloa 42 5. Na- Tsp (Ehw "')
Ne ~ kT '
Ja eguilibnam.,  Na = € by Boltzwmann statistics
a2t AV Yo _ww/kT I —h/ET
—er o ll- T ) zep (| — e )

¥ This is only possible tosatisfy whew fp = 0 # 0
oterwise, detailed balance cannot hold.




2z
&n‘v” Ay _hy/k‘r) ! —hv/ €T )

2 e ﬂ;(’ — € ) = .ﬁ_’a (Il —e
Do EE N —— . o - —— " St 1 -
efficient o = pa (Na —=Np) = Tsp  Sun*v’asY Ma_

s B

% & = Tsp&mun®visv ( No— Ne) = =

_ This expression. tells us  that the absopption ;:oe;':fmren*f ) -
ol >0 if Na 2Ne : nret absonption N | — .

_e_od < f No >Na :  re+ U 7 — .
S this s called  population raversion

| Raman ;g_afm___[ = i —

|so+m Y

e

- Spontareous Faman .affccrf: _(weak) :

/

gmission s not d"‘ecttd
« A virtual intermacdiate level assiste the

TS~ =, vivtual Jevel gercration of W < huy (Stokes D or
ha i }Mf}' hvy (anti- Stokes)
i N * Anti-Stokes enaission  in this ey 1S inef 'C*f"?"
L N because of the relative Hhermal populations of

_the initial states N, and N

This effer:f _anges fmm ‘H"e Mofar:u!ar _pofaneab;h'f'y f MOkzcuL:.S
11 the roediwm -

P = ENE- L = EN(Y + .a_x/ x)- g
~ dtsplacaman-f Lj f
cule

i mm nao

To Solve for the olisplaement %, fmd the MS'f'onﬂj for'ce
- First find the electnical energy, given the electne freld consisting
f—”u imput beam. (Wa ) and _ Stokes -shifted lght (w,)
¥ = et s | g gt whene,  w, D w

+ -'(w,—w, 4

= /g}a _ E:‘gl eﬂ‘(wz-w;)‘f + Z!g; "

pmp fi-hl's_ {‘erw\_ -Fo_'(‘ 51'Mp’n'cf‘l7_

~ The hestonng for_cc, s : B

[l

( [U) ST ax(;_N(?‘a + axJ )c)/il)

F é'”
P e Bx (B g, oo

e



foree per
oécillator _

o The eguation. pf_ wmotion e comes ; /

B, Wi _95_ = XY Eo 9Y 1N . —w0, Y& m————
Ko+ T % g x. = “am. ta /,,.)_E;E, gl
! _\r/C  hamapnic  oescitlator ' = =

i = AT — e Y
NG AR TN
2 - wr s wlT

Wy

. Jf the molecular displacement ggcillates at the same fMg_ucntlf as e
overall electne field, this Means

x < g (AL ) e¥e,

2m Lwy = (w,~w) * flwy=wp/TL
The polorizetion is - then:

P anlp o (35])x] &
) . zxo) \’ o -

_ %Eamaﬂ. ta Yhird-order Moalincanty

s P e N (BE]) ele, .2

2m Lwy - (w, —00))" + (lw, ~w,)/T ]

othey terns

e
| LEh e
Yarious fm%mw combivations avise when wultiplied by & /

The polariza‘tion term with, & Sum ’fmiue,.nu’ of W anses "
(3)

P fansan, (W,) = go N (.a%,,)z 18,1 %,

2 Lwy® = (g ~w; 2%« itwy, <uy )T
© The cowespondiag voanlinear suspti bility is:

')C;:,Lm(—m,, Wii—w, , W,) = (%fg_) (%L)L

Wy =, w0V + J (w,~w T
Y i, = 222X,

(W = (W, = 10,)) (wp + (w,=w,Y)) + ( (w, ~w0!T
L/W

Take w, -0, % W, since we expect the Sfokes
shift to_be mughly egual to the Yibrational
B modg fm%mnc‘f




@ JRamantwy) = \EnComw,T

- :'fein)mm (wy) = ' :;Nwo)( %9—;/0 )9—

e fwpm i wy =)+ (/2T slp = by '

— -~ N Bl NN g ool o — .
Pef,\‘m'.ﬂg .')(_Ram_m_ = Ypaman t | _X.aamqn_,_ we hawe -

Yaornar (10) = (iap I Tl ) (10 = (w0aw)
o (wy = wa—w N+ 1 f(4T?)

I-:‘éamcﬂ_ '(“J{ ) =T '_ J % ).( %)ﬂ) ﬁi%

S . (wp = Ck);_ -W;))q— = [/(412—) — Mﬂ.!f, be 9:‘1'? b‘{ Ve
or more fat.f‘ory of 1

The absorption .Cotﬂ: veient (8 related to K 'y : £ . -

; ds - A
&L Raman. CW,) = —Tt‘»_ (kRmman. C‘U.;) : /ga.ll__ SNV 1

Since %.”< 0, fhrs (s actually a gain _C.Q&ffic;im?f_!_

lotemantiogy = (Fngmugs) (Sle) Wal | Polen goin.
L (wplwymw )« /4T | TG =T, e

¥ Stimuloted Raman emission: Ythere & gain (n the  Stoles-shif-ted
fmsmn.g?« as_the pump intensity 1 €21% iacreases. Also, since this (s
@ stimulated emission proess, the w; light s emitted i a
Nanoiw Cong . ‘ ol !
KRaman_and_ KRaman. have. e same overall ._
Shape as the Y e '}(.'_'“_)_J__r.'mar susaptibyictie
_denved _‘_fmm the havmaonic oscillator waodel.

o
w,—w|

* The greates Stokes Seattenng occurs

al when, e}mcﬂr Wy —t, = Wy

/ ~* This model does wot directly predict
cIPSL L. S TSR VR . gain_for anti-Stokes Scatenng




- The Anti- Stf'alse.s_qm.’m can be jpredicted with a thid fmgw@ncy
Wy =y Wy, aeplaciag. Wy in: the prenous e&ﬂaﬂons with tug
Then, we have Wy =Wy % Wp

(B

(3)
= %ﬂqman (Ws)

__{ : (W= Loy =) (W, + (W =w3d) + ((wy ~w3)/T
'm——‘ om——
- — A2y = = =W
T T r—
. k= S SO W+ s 2 ) By }o)
(wp + (wa—wzd) — ¢l /2T)
 The imaginary parct. thew becomess
%;ﬂma.n .fuz_g.). = (Xmsgg‘&) ( / ) A= Sto l’—es

(W + (W, ~ wg))* 1/41'__
* Obsere that ¥ pawan (wy) > ps mmﬁom K pagan (wW2) 7 0 gnd
the anti-Stokes emission attenuates 1n the presena of the

lower_freguency  pump beam. .

X Summany . stimyloted  Raman emission. gives
D Gavw gt W = Wpump — Wp r

~2) lpss at w =

* The reason fo:r this 15 simple:

virtual level

Wpump * Wo

MNe

in the Stokes ase _)_____

+here wp...,_,,,; \[ N ¥, ﬂ

"

15 population nvers fon Nee Ne,
and no opulation inversion  (between -the Stokes Binti - Stolees
Virtual level and ‘Na) in dhe anti- Stoles
case.- - = s
= Howeser,  freguency mixiag does occur, 2.9
=i (2w, —w,) T

3)
P(sz _wf)- =2 fx;aman ( 2’!‘02*“-’;; Wy, Wy ,— WI) ‘g.‘.i. g* gz_

wjy —wy = wq, we have :

€3)
)"Cw;.‘*wa) %ﬂamaa

$ ., - ((w, vyt
(= (w0, +00p), Wi, w5, ~tv)) £, tg ("-’.1 :

<; This resembles anti -Stokes scattefing, but it js really just simele
fre%w,na{ mixing Coming from +he peal part nff XD, not the

_Imaginary part EeE—— s s ——



Insert the spatial dependence on this sum f?rﬁe%wzﬂcs’ wave :
&) [((2E, —B) T —iwst
Plwy) = X8, €, ¢ 2 e B

'»‘f we Insert this into the ware _egc_zt_a"_t:‘o_&. (as we drd in #e

—|——beginniag_of this chepter for second ~hamnonic gereration) , the

_resulting wave will _have .a. spatial dependence . that goes
as ol (262 —F - TP

As before, fo have efficient fngsme.ncr miying at. W3, phase
_gtching /s ﬁegumed

At s net po.ssrLC;. ‘f’o safrsfy_ this while keeping +A¢_ three

vectors _parallel. In_practice, Ky il be emitted jn a direction
_that Satisfies the above rector Sum.

— f" 7 \L\\ = }n‘tmdum an_angle. 9/ Ybetrean k, and
?:‘ S5 B¢ kz, and  the oanti- Stoles radia-tion
Kz -E; (s emitied at -ar._.cmy.!e ﬁ

| Parametne Amplification t

- Start with the eguations of propagation of sum Pheﬁuenc?' 9ereration
waves , IH'/DII!I’]J Z‘ ’ ?3 ’ f._; T“NS trere , Mjﬂlf‘d &.73 at a h!ﬁh m'ﬁ!nS}—f’y
pump wave , So 83 45 cangtant:

d, _L __;_

; :

aﬁ (X(l fé g.‘?_ WIM-M Q‘.,a = Wa T‘.‘\J;

oliz . @ and pufecf phase matching [s assumed
JK:LC’)C ?3 Bk ~ k3 ~k3 =k =0

Solve the  coupled eguations using waatdx rethods

&% }j&] = 3,[ 2,*] = [ . M;D‘ J%I.%Xfa;gs][(gl I
Lef| / (24 N T A 0 e

qun/ﬂnbsm’pt-or\ if ima
Pl"bpmja'l‘io‘l\ Constant |F
Mul )




Quadrature squerzing :

This Js sSolved in The Some way as any. eiqenvalue f_%un:tl'bnj by
‘takmg the determninant e - i

> = dmae | xVI1E

8 Thn.rﬂ. IS gain far bﬂ'h._w_n_vgs wy oand Wy , S0 _ﬁ'm‘l‘ bo_th l?‘f | and

2] increase Monotonically 1h space
* This is because the presence Df wy - J/IU 1&32_
stimulates the emission P wWa , and | =y _'_ W
pump
~ viee versa . Therefore fhare 15 exporential Wy l i, Jr“'

growtn for each wave, called
parametnc amplification . :
£ Thus, dff fmgch 3eMmf‘wr‘L IS %ﬂah"‘a'ﬁmfy
_ dissimilar fmm_ML Freguency gerecation, whue the
intensity of the sum freguency oscillates with 2. _
* Eventyally, as - & and €2 build up. €3 1s depleted and

ampl l'-ff;cu-bim does not ©Eroceed gy

o special “type o_f amplification results ia

the dﬂ.gamuﬁ cuse, by = (g =), g = 2w —
dt oo b i
> dz — 2lfc 'X”t@g f‘* = .'ZJ'E,C.’rk ztfallgf*
€?)

choose =0 such that €, s pure imaginan

* Now bereak up the wave %, = '%,f'-’l‘ ( ﬁlﬂ

f 7 rp i
Re (€ o™t) = 28 ™" +ff'€fe | r _ -
s " Y — I Lt Y7 |
= o €le o oM™t oo 58 07 S8,
) = Eloswt — € sim wt.
len- Two parts w)th d!ffgnh-t Phasc
( ' ) = /'X”)‘&;.J %_, 2 Qosire (s qnl_plifl‘e_d
dE.f/ y o . B = "
Re ( dg- ) T TlalFc ,')C . Lﬁ;l € 2 sine (s da-amplified

Thus, tre amplification fﬂr the deqenerate case [s  phuse sengitive/
The direction nf energy 'I"Tnn.sfer' also _depends o the phase of ‘53 -
which in our case was chosen to make €3 imaginany




= This fype of amplification has _%Mn_nju,m__mehanicql_.s,tjnifua_nu.‘;_,
Aepicted  below

AL 4~1W‘L€

Ph:pasarb_
Rl =2

“Squezeed state"

v

¢ The phenomanon of compressing  the electne field i the compley

plane (5 called .%undm'i'um Sgweeing, and the resultant state s
called a s%uan_ee_e\ eted'mmaﬁhe'h'_c_ state

* The uncertainty principle states that the prduct of the uncrtainties
o n

Re € and Im € has o minimum  Value

-

Stutes where Yhis Uncertainty s exactly equal fo the guantum noise
limit are known as cokerent states

Typically, the unertainty (s balanced bvetween Re € and Iwa E.

Ofherwise, we have a squeeded state whare the Uncertainty in one of
the components Js lower than the guantum wofse in that component
M vacuum  (but the uacertainty in the other comporent (s
comespondingly goeater )

Spontaneous parametnc down conversion

- I /’Cu) ’ /\/‘9"/“? Reoy = ~A9—',\L,7Aﬂpum4;_bgqm_\‘,s_- present, . __
3
r\,—f\/—\.—"\; C“’S"’a\. .

__parametnc __l&m_pﬁfic ation con still occur;
pump _\___%\ o Fowg the field that is amplified is  2ero-point

) __noise  (vacuum. EM _f,mmgﬂ@l&)-
= To presene energy and momentum,

the pump photon must
J?imuH'aneou.sfy produce two photons Sa'h:sfyf'n_gr

) Ereryy canservation

— kWa s tlﬂ)' -+ kk):_
2) Morontum consevation —» Kz = k + k

3) Anaufar momentunt conservation —> thae twp photons have meciprocal
~__polanzations _suraming o _the jump polarization

2 The fwo photons ave guantum  mechanically en'fang((_d./
/f Wy = Wz, then -H\z.t, can be )hd:k'h'qgwtshab(e.




An altemative

'fnmnula'tiow u.sn‘ng
P i‘f Can
be shown o be

egu_l nalent
Undet the
Coulonbk gauge

N

_Nonlinear- Optics ra the Tiwp -Level Approxicnation

- When transitions ra the medium. ane ne.sa.nanﬂ; excited
- perturbahion technigues become [nadeguate .
* For iastance, “4hese methods

cannot pecdict absorption or
N 3arn_ Sagtfuration

* To predict these phemmnp, it & SU;ffrc:enf to_treat Just fwo
3M9ﬂ*"*.“ mechanical energy (evels tonrectrd by a1 optical Freld

+j mectnx

TWO lelre! 575'&:.014 uSmﬂ dems i : _
2 © The gereral expression for o wave function i
‘ Rw‘ffz "..Eg. _/y = c(% -+ C‘:_’)Ja_ A
/ j-’)t’fz = ]¢l 2/'}'{'!/ ¥ /c,_[/')/&! + G Czyt'){ "'C;Q*'V"%a

_____ _ \___/W
inte rFertna +enm,5

Foronulate +his using the density. matny for Two levef.SL

/3 = [ )D“ P12 ] = [ ’:Hi & Cz. ]
ol Lopag P b a - pudicht = ey _ |
« The Fime evolution af _the eLe,ns.rffy_ watny 15

U gty = (L) o oy (W

Hami +i'an.
ay dyt 4 v
Lo~ w L g A
By Schridinger’s equation, @£ = -~ R HY, Ze = YV

W= T AYpt e F ()

FEIES. Y727 T 27T S - £ [H, ¥¥*]
At = — % [)—(,f'l
This can. be used i place uf Sched dinger's  eguation

\ A
Consider ¥, ond Y2 to be elgens tates of the snginal Hamiltonian. Heo
and haW mclu;u_ the per‘h&rbq_'tnon dine to an e‘.u.‘l'nc. '}teld
A
/}_{b = ?"!o — P g = ()'{0 — 8;5\ z
The rew Hamilto nian W\Cludlf\j His interaction 15

" - _[_E,__+ <pgEE 1y Lilgh £ 12> }
<2bgy-€11> E, + <2lgf-£A27

Assume these teems are

. - small compared to E(, Ey



Furthermore, male the gipole approximation : the electnc
field vanes cover o much large Gngth gcale than the dipole

nMovwert .Df the ottomiue  wane func‘tron, so <] J—gk' l2y = <”‘gkll> 2

g _ A L PR

4 H = [ Ey —.‘f'!zg ] _— h : :
=Pné E,

Now.  +he esum‘,a'om qf wiotlon Is fu”lf Specff.:fedf'

dPy APz I '
at  dt | = -%|E -%iHP" fra| Rk {P" Pz JLE{ ""P"f]
[ % %] [‘PM,E Ead Lifan F':.?.J .

Par Pan 78 2 £,
b, !
. __L _'_:’L(Em ﬁm* m. .)'* K(% f:z‘fz;%)
o )‘L (*f:z‘f’z; L/Dzr P12 f )
10% = %(LF‘H 12 -."J.)JZ.APLJ)
. ; 4
Stmilarly, . 1 Sl ”f%.(fz.;._‘f’;.l = J)ll‘f:.;) ol oo HEI'-tL
Liﬁ_lé?—' T )\ ’i '_(:“f’u‘ﬁz.‘g * EPia = P E .1'- PazPia 2 )
2 _1‘;',_ (Egale EJ.).}?.J:,. * -‘f"fo-;z € (.FH. '.—Pz;)
i c— J.-bdn.fj_.z ", . —.;'PJZ A (ﬁg_l_ _ﬁu )
dpa

2
+
It

L f.. (Elj’zl ~ 5, € Paa it Por & Pry ~ Ez_le
= =iling Py~ 'f?z; 2 i Pz -f'n)_

Neotice that sinc Pz ‘P:u .r

I's SGTJS‘)E-‘ed f f}: = ‘f’z_; :
witth the following rates-

¥
we must have ( .) whreh
Thus, we need _On-'y be conc&md

Ed-E (Pn "f’gq,) = Q_JT’;‘T £ (JQ.'&I 'f“.u = f,a f’;;.)

ol"t g "-lbupfat = ﬁ.‘f%:‘ﬁ(ﬂu"ﬁu

=4

(5:3:15 agnee with: Eli’s wnotes)




- When Jhe Fno-lovel systom s not P&P'fcci'f)f solated, o

types of relayation can occur: _ _ _

1) Energy relaxation: ofte a f\m'ta Fime _T| Fhe excited State

bnds fo decca, To the lower state. The density matny 5

,Q(ma-f' o

wiodified o : I 1 AP L |
ol excited stafe: - 3 ('5") = 1}'; (Pzz ) L ——
| (S _ ground state | "o%él,_ s C ) o _'r, (Pra = P),?, ) . : .

( ) 3 T; ('P” lel -~

H

- a)_Phase mja_:_mmL srn_c,e_jko, excited Stute has a ﬁm{z Iirewidth,

ofber Hime T, it is 70 longer purely va state )22 and the
inturferena  Ferms vanish. ( decoharence)

»  Rates ore modified fo:

d ~ 2 - : (l"f’zz)(f‘-f"az)n
: @ ;l-d‘—é(ﬁu —*.}?12.) = %ﬂ%}.(fu(ﬁz "ﬁ;z..'loz.'..,) Pl P’_ il P' N =

@ _ﬁ_};}"' = i pay = P g(f’.zz_. ) = TR |

- What are ﬁ\c. H:e.adr-.sfata .SOIq—twnS? L . . .
ket Pai (t) have a slawly Vanyiag amnplitucle camponwf
= :w-t
— P2 () 2 Ct)a‘ Freﬁuway of Z
P_\u_j s tnte © and @, omd lc'f +he | HS. eguql 2ero Far‘ Hrv.
S-{aadv State solution: R T
PP )= {PII"'PII)D_

s £ s i =L
O 0 = T (ol — 03 Pay ) ~ T

o u
@ 2 0 = ’Tt‘(.[{.‘."ﬂ. '."!4?.).0.__1‘1. = T;j = ﬁﬂ{t(fzz PH

- I we solve %zse couptw[ egmf:ans, we get: B
ao3ze ot dog Sagpbn it
f’z:. P'l = (Pzz j°n) L+ (o =wy Y=To% o+ 402 TzT;

phiope (B¢ 5 %5_ 5 the  Rabi freguency
*  Note that If s is Jarge by pumping ey hqr*d) Wwe. j ‘f
Pip= Poa. The up and olown Hransichons  have egual rates
(saturation ) X i




- The so0jution ﬁar [/ E RN
‘f?g; £ ( ﬁ_z::. = Pu )
— Ig_’ - E.((‘U = {Wa + ﬁj T_;, ) _:

” SRk fz2 =Py o =
by = W —wy + /T

1@»2% ;',P_.n.)_o. (] # (w0 —wp)? Tzf'D |
hlw =ty (/T (@0 =00,) T+ 49T T,)
- A9 ) o IS

Jlw ~wpd T,* + 40301,

(By faking the real and imaginany parts of this, we can watch
the solution in  Eli's notey)

| = The polanation  (§:

PLt) = N (Pt 0 + 732: 03 ol ,;-,a,_"_w_t = Pt - L XEe"
\___-F-——Y"_u

regan dipole wovent N For simplicity, we'll dis card the
second  temn

> ‘X(w) - = foﬁ- J:a.; o - N['fz; I . (\Pzz T_Pu )
_ o €

Eot_(h)'wo"f "/Tz)

= ANy

N(Pzz = Pudo |'Pzil (] + (w —wp)* T,%)
(I fodi (b — oy .0

/T2) (1+ (w —wp Y T, o+ 419.52_7_;_7.-& )

Find the redl and imagq nary parts:

s‘ ANy 592.:12 ‘ Lt (w=wod  T° wr — oy
Kilw) = Nggh ot Cwo-wp) T+ 4R&T T, (W~ + 1/ T8
: BN 12 1* T, (W —twy ) Ta '
Xalwds = o ¢ Ll (wmwe) Tt 48T T
and |ikewise
e ]ﬂ'NO?,“fﬁlJ'aTﬁ. o e o —t, 1:5‘ Fhe
yn.(lﬂ\)) = 201’1 "l lw ‘.‘bl)a)‘ T&z =4 4“(152];7-3 J dﬂﬁlﬂ":y

© These are the susceptibilities ussociated with an optical Field
interacting with adwo- level isystem.

The fTerm  containia 9 2"« [ 21*  accounts for absorption or
ﬁhou'n safuration. As _/3/2 incneases, ol — 0.

- A Sf‘mng drf.v.’_ffﬂg ﬁ_a_i_d- also lzads T1o bm@'d—@’-ﬁfﬂg. of the abSWp tion.

"




: A classical Maqw_'h:. Momm‘\' is o farmous example b'f a twoleve!

S‘\JS*:@WL); it contains all the dynamics of the fuantum mechanical
o dewnel system.

RN - S )

T = Mx B i wmagret tries to ling wp with the
_uapplied ma3m+lc field .

"ﬂu. Majne’hc Mo men _.:& _is proportional +o the

omgular mMovnenttum  J by the 9y mmagnetic vatio:

- yf"‘ M
ﬂ- = _h - - N - - - -
T = dt = M¥*¥ B =
X 3 i_d __[_ b > magrefic Mament eguation
of motion
2 A * _The .anﬁuiur fmz%.mn;.nf_ of ’

_lorwor pre@ssion- is_ FBp

il
—

¥ -4 :_T]xe,__an_gu_ﬁ__bgj.“mm. A-Z ond B remains  at its
. Initf'al vealve .

o Now ratwoduce an x- y__component "}C B

BH! Cos wty - ersln wty 9,5
> Thea the W\aq'\e:’rlc Mmoment can oe  induled

to prewess awund @) new wagretic field vector, and

M can e,xplom the <phere of dm:c*tmns (Bloch .sp['w.h:)

© But with B wotating and. M rotating avound B,
this %uuckl-j gefs complicated

Sm-t-c.h to _a. . ro4a"hn,. r\czfcma. fmme_ where
8 IS stationany, t-g. choose

rot =

3 +o |ie alunﬂ x

- L ' i N
at | Attt SPx M bj vector  calcutus
ang ulur_
chor » §‘q-r{a A 5
A _ faw p: D= w2
/" Be
V._j—)x m] = -.-‘__ 7 -
! > dtrbt=ﬂ."M¥§+_Q.*M_> pi e -
= YMxB - MxO s Mx Y8 - Mx O




= Damping dlso exists in  magnretic resonance __=1t s
* The energy in the paagnetic prewssion 15 M B, so
the  compenent orf M along B can decayy by  erergy celaxation:
: : : (B = (MR,
B « yoavid o £t
T My in nowal fame
The components ia the other divections ctan decay by t+he
process of phase relaxation , at the rute (L Ta.

- Consider the  case where - The RF F""S""“-‘-‘f s c-xdcﬂ-.t’._ eg wal o

the Lamaor preassion frepuesey t . W = B @ resonance
AT

- \i\ .M. . = - & 3
A~ P In this ctondition Beﬁ lies in  The k-'j"F'l“Mz and

M precesses about Ahe y-oxis. This  precession
v of the medium'’s. maguetic dipole moments emits

radiation = which can be detwcted @ this s the

praciple orf Magnetie nesonanc imaging (_MRI)

= How: does this relate to population inversion ?

* (onsider +he case of M alighed o By s fhe geound state |12,
and the case of M aligred with — 8o 2 the excited state 12>
If  the magret begins at [P, consider the Jollowmag opevotions -

12

Do K palse: the RFE field 1s applied just long

enaugh. for M to preaess from |12 to 127>
The duration is: -
. B, Tr =T > ducation Ln = FB(

2) Izt pulse 1 the pulse sends +he raghet to +he
¥-axis, which 15 an egual Super position of
0> and 11> : Tyyp = f?g"' _

y) %f_‘g!'gbgj:i;. fgs:t.gg.s;ngg‘- sweep W to slwly rotate

Eeff from Z o Z, starting with w =0
oand tﬁnd:’ﬂa af W= 2‘9/30. Then q‘bmpﬂu’
fum fo_ﬁﬂ'\f_ magretic field.

2 M remans at [ [>




When  the RF ‘FM@W—'\Q‘JS not on rnesonance (w # YBy), the

magretic  momentt M does viot precess about the £ axis but M
 rather about  JB Kk + (Y8 -w)Z. The preassion f&gmuf |
nga)?ifya_qo?_ |

Magre fic. Resonance ¢ conrespondance Wl'HL b I Lﬂ.v-e\ &Lv.crrvmc System. |

TLQ_ST_CI‘IRS f_qn? 2-~level STSM eun be represented
on a _Bloch sphene af ne 5pec:f7

N __W) _C,}";f‘. * c‘,_l')b,_
= e‘,'m“coss_l'w,) + e f"’ls:ml [¥.>
..Au‘tuma—hcall" novmali 2.ed

Then: 5 5 . — -
et | Ripe Pageiss o e Sin"2 .= cos B = Mz
2Pay =205 Z sing e_"b = sm@ e i

S S S M.y_JMy
ez L ot /J = R_(MX __}M"_) =

rwmﬁ-hls We see. :H'm# the ngm:hc. raament M Ct}ﬂ*{sponds to
the  densi ty maatny, which ke M, has three degrees of freedon

1742 e/ })n P:.:Ll, _lM_y_ Q.R.Q_(P-Zl ,‘Mj = le(ﬁzt)—‘

To complete H\e. comespondence, e make an analogy of the ngnghc

‘moment s equation of motion  with the dynamics of the fwo-lovel
-S.?s-tam: o jikan = )

M - dr’ ik

At = YM¥B < JgT = A¥F

7

where = 2&&,;4 + 2Im Py y + (Pu=p22) 2. From Schriidinger’s

eguation using . A= [_ 2 *p;,ﬁ] as the Hamiltonian , the hghf’
L€ Ea

Side eg.nm‘h'om 15 satisfied J'f- !

J_i = “J.RQCE’_) = llm(‘&’)j = w,,z,
Wl\m R’/Ua = E‘l E’

" — =



Then, to wmale the Qomzspond-znco. \oe,fwwm e eguafions of

motion, we must hape 9’6
= 'l Bax L L Q_Re, ‘£, _ o -Fn;'f‘ors‘ °f
2 9, - B-'ﬁ- — fﬁ'e}— '?-IMZ . 2 are somewhat
B.h ) r__&?n -/IPfﬁ- dubrous...

The corvespondencg 5 - ) ’Bik > 2 Ro Elt)} Leig = 2 Im fﬁ_ﬁ-..t)._t

Es —Ej [~
mi [ra - 5"

This completes the q_n.qlogg.’ M_ﬂtj.’l‘t‘ﬁ_ﬂ. resonan  senes as a useful mode |
for two - level systems.

The two -lewel system vs. hamionic oscillator mode|

- The expressions for ) obtained using these two vnethods are
uctually rferhqua_b_t_tf similar

Harmpnic 1 — Ng? — /4T

oscillator - 23 Wi Kiplw) = 247 mEe (mwy —w) + (/2T)F * S

N iy B ks y /T

T _m‘ r AND!EMJ 2

W?S\[ﬁfzm “g .')_(am..(v:’)_’- St Wi (wp—wd* + 1/ T:. T 4.0.,:,? T./T

¥ This tem is the main .di_.ffehehcﬂ. /
between the w0, and accouwts for the fact that
when Hhene ave only two [ewels, absorption saturates,
= We can ignore saturation l‘f we extend the two-level system o
o ladder of ererqy levels /(> with erergy Hhe; above hew,. Then:
" | M,j*-!-@-u-?-fmr" wi (1/72)
, V8 w171 Ed 1/ 75
? Z!'. ./W.;‘ L(w)dw = Z,'_ &k ) f W Lwp —w) + VA
" ] é_&fg 2 . A 2 !\L—D"Qﬁi‘i'

To make. o comwwespondence with the hawvmonic opscillator wiadel,
we  must fl'ﬂ_d a sn'mpli-fi cation, 'F.or E,’ [LIE 1313 For He
hamaonic. oscitlator model, e prew'au.sly Showed

i ng' Ng.’q'.
Z;.f Wi Xyo(w) dw = 2me, T .Z;'Sj = 2me, T



- The term. wy f(-.”.;'!(?l%..cgn rndeed be simptifred.
Start by fr'nd:’ng. the commutator L[§#,H] Using Ehrenfest’s
theorem : s g “g 0
RS IR I8 01 SR
“rﬁ.(ﬁ)..‘ m([x H1D - .
= M_P Lx,H1
Then the nested cnmmu+a'fbr- [ (%, fl] x] I's
[(?,ﬁ],ﬁ] = [x,H] ¥ —%ly, H]
= (psr - Lp) = Lp %

However, +here /5 another way +to Wwnite -Hus commutator:

I

SIS ATl = L0uH =MDk — % x Cob= HyD.

e 5 s pHy = THY® - T*H

TULLE AT, 201> = <ulxHxltd — T (KUHEN> « 21X HID)
= Ll IxHxly = E, <I)x*l 1)

Pse  spectral decomposition fo expand +he wavefunction:
Y > o= Sy lix<il)2
xli> = Zplid> Lilxle>

71
> FQUIDAAL L1 = T ilxli><ilH Lip<ilylrd
previous = E, L <l xli><&il xli2
resulf

. e |

%r—n. = e LB 1By [<pix lidl® .

-%ﬂ. = 2' by fﬂfl}(fl){ A surnpnsing
[ o= 2 S w, I<ilx inl® = veentity!

For fhe case of a  Bloch wavefunctions (such as thase found in cwstals)
which have -the -fowvt, Wly) = ey e %, an additiongl tem 1S
added as o perturbation on the  Hamiltonian. Using Second order
perturbation  theory, we tan show that the ubove above trelation still

holds , but  with the electron mass replaced by the _band effective

Mass : S
‘ 20 3 3 Frensition
mef = ko I<ILEI22]* ] clacine digsle

where we have treated the ws-fa\ as o two-lewnel Sips £ cln.f-'«ed by +he
tonduction and valene band edqg._s,




- Noew we can match the -..guan‘tu;u mechanical absarption To Fhat
of the hamaonic | pseillator-modef

S I e T B, Sam RIS g
— - it Aﬂg.g:_ and 2 —
| = S OmME, T Z..' %.w,-’(!féh‘)fz
‘“——"""_"“V’_“‘-—"
2 =1
7 N - =
Ho : 2; ftu,- Yo (w) dw = 2amg, - IL E,’ Sy
: =1

The comespondene 5 @mplete, with +the logical associatioas Given byt
© ANy = NCPaz =Py ) ¢ N i number of. states /oscil\ators

% available o male an erergy transi-tiow
L
The oscillator Strengths + ot | <LLELIDI® <= §;

Both sum. up to L.

moffoha‘ thwum'.nq(.- a.uscspu'u covapt in Sﬂ€c+rv.’>‘cop_?

inhomo en.eously
= In the presena uf faviomogereities  (e.q: Spatially Vo bividonad ine

varying vaagretic field ia an iahomogeneous medium ),
the resonance. freguoncy is broadened

However, if octoms/molecutes are 'movi_nj around ,
they will each explore: more of Hhe  material's inhomogeneities,
and the Himo-aweraged resonance fvw.guenmr of cach atom hag

less vanationn than the instantanebus resonance
mofional ﬂamMnj

?N%mhuj; this (s

Consider & simplec case : two possible nesonance '[:.Mgwncf:_ﬂ an' sing fr_pm o

molecule jumping between. 2 inhomogereities ( fhus

K . 2 resonance. freguencies) i this s« simp li fied
5 | S feve of - mhomogeneous broadenia
4 Suy Tow of inhomogeneous +broa 4

Aw

: ) —w(t)dE
As the molecule Jumps avound, [ts phase c}aangté'- (g.ﬁt) = £




- The cowect ety o find fhe spectmnm in The presene of
moecylar mo-tion 1‘5_\9_7._ Tﬂkﬂﬂ.«s a  Founer ‘thh&fnm: S

.S)atc'fmm _ R (E"de’ =i ¥
Flw) = ./etj”w . et at

Ih the case ‘0f Jumpiag beteen o erergy wvels, we

have : S o | e — —— —
Jwit) - rwyt +/Aw Tt
e " ¢ ,

6 = S - = =
phase

A simple omq!-rs'.s is_sufficient to alef‘ennme wha:f hﬂ-ppens,____ .
0n o single random  jump, the phagse changes By :5'?5 = Aw-T
where T s the average time befween  [fumps B I
A'f\"ﬁr N _jumps. The PMS change in  phase 15 : ' .

Rgr = J<GI-T+1+1-... )" 5g2> = IN§g°
= JN- 8¢

When this accumulated phase changf. qoes to L rad,
the onginal phase s lost. We can use +this o obz.fme the
P’.ﬂﬁtét relayation time T:L = = N

[<g>* = 4 = N 8§¢ =N 2wT = ,

e gumps N = Aw*t*

i ) ‘
a_:ja Then mwe have T, = N'T 5o Tg_ Aw? '37

- Therefore, i fhe case uf short comela-tion
times T << |/ 6w, a nawow  line at the

=540 Contey fnu{,mhar 's produced ff the
molecular motion rs fast

,f the Jampiag IS slow T >> /Aw, we have the engiaq |
inhomogencous broadening situation , and (for this example)
the Two lines ot  w, * O oare recovered with no signal at

the centor fwgv'ency



Stmulated Emission

An,opfoe[zcﬁfvm'cq//y; active wnaterial 15 one fn which an electronic
excitation lingers for o relatively long fime (= Lns or monre)
rather. than. degrading rapidly to_ heat (within % Lps. or (e55).
These are the matenals wused ‘fpr [ight emission.
.t Examples i atomS in e gas. i Na, Ne.. Hgo eter
abig s+ afoms _/n_a CVy.S‘f&[i, ,Cr*g-,,_ m A/J,Q},
. L NG dn- 9glags

Stimulated _enaission becomes  siqnificant i_f_a, large population inrersion
_can be achiered. Common methods are: =
* Three-level pumping i exteral pump excites etlectons from a
_ground state D __to_an excited State (3). Electrons de cay slowly
y fmm.@-_h o lower state @ but @ s gm'dd_r depopulated
= = Population iaversion betmean. @ and
- Sy 03T n Al 05 2 rub:,/_,laser, _
® Four-level pumping : similar fo oabove, but electons are pumped fmm
@ o @ @ qL,e,cgy.s mpfdlxl_ja,_ a_ lower state _@_.V__Anof}._\zr__lamr
State_decays. _r?qp:‘d!,y_._frvm @ w0 O
= More L.‘Ff}'cr’e.nrl’ population raversion. s possible befrreen @ anef @
Eyer Nd: YAG luser , He-Ne laser
®  Franck- Condon pnnciple . electronsc transihions are much faster than
nuclear mo-tions, So electronic- vibmnice Fransi+ions that involre +he
Jeast nuclear motion To be f_avar\eo( ; o =
@ Grund electronic, grvund yibrnic 2 Absorption
[ @) Excited electwnic, execited vibrwaic
fast @ Excited electronic, 9round _vibmwarc
T @& Grund electmnic, excrted vibmnic
2 Population inversion betmeen @) and @
=M 2 o’ye molcules
® Eyemer lasers . Involves a moble gas (e.3. Ar) and halayen (e.j,, F)

) Fast decay

Fluoresaence

2 =y AE - Excited ArY afoms induced 57 electne
binditg | A - discharge. pumping bond readily reith F atomg
enera] \Pump * On emrssion, Ar*F  relaxes o ArF, after
oll'.ss,,c‘.ﬂe\' which the fwo afoms are mpl'dly repelled
- 5>~ ond dissociated
Inferatomic

“Spacin j ’



- Lasers ¢an also be catogonzed by the physical e chanical by
which the gain mediar  Is pumped

1) Optical pumping : ruby laser. Nd: FAG

2). Electncal discharge ;. excimer lasers .

3) . Inelastic atomic collisions: elecine. chhmye excites. jas atoms
of Hype. A, which coincide with excited energy lvels of gas B,
and._enargy. 15 transfemed befmeen the gas species by collisions

&y . He-Ne laser , (0, [aser (N, > €01 )
4) Direct cument injection : Semiconductor diode lasers

- demiconductor diode lasers i most common type of laser
Populaition inversion befmeen oo large number. of

4’?3‘;“"1&5 States in the conduction band and the valence baned
(GaAs . - Emitted photon has AV =g o

M‘-’-G‘"’?A‘ .t A double heterpstructure guides the beam, ;conmfnj an
optical cavity, while also creating e potentral well for
~confining-electrons and “holes
-+ More eff:aen+ than . dye (asers. |
- Conduction band states are delocolized, md electong and holes
can._move Independently w.r.t. each oTher
= To be contrasted with dyes. in.. which electons and holes are bound
fpﬂeﬂer as - excifons, which 3.w'ck} necomb ing
s Lang recombination fr'fg‘él'ms (“,MS ) fﬂdﬁ"fa‘& stimulated Lmission

Petailed balance |

* How much light does a black bady emit when it & in thermal
asm{:bnum. with ifs Junwﬂdmys? :
- The bmghfnefs of the radia+ion fretd s H«\@ * photons am:-f*f:ed
per Second , per area, pRer fmsmcy

L A — —
Bl ) = em o ehET | gy

=~ In eguilibnum, photons come and go frely. When a pheton is
absorbed, ' the radiation field loses eatrppy :

YRS BT TIN5 S




Meanwhie, +he matenal gains entropy when it abSorks o photon

vTYTYT ——— . o P
per mg&?!& =M= Y = TASma-t 2 ASmar = 7 A

The _af:lcmgﬂ_ ln_entopy wust be 2erp by the Second [aw of

Hurmodynamics: ASmd = ASmat i I, E—

_”“foiéf“ = k n (] _;"B 'S S

S SR, A — RS 5 —L N~
s ROvopu, T) = _ élﬁzr_iw__eff"”_""_” €T IJ )

This is the baghtress of fhe photon field in equilibrum
with a Semiconductor with chemical potential st

Now apply detailed balana .

~ emission Ay, u,T) = 0y, My T) B p, T)  asorption

x = ?ﬂ_'vua_ VI 7ET
RV, u, T7) = UV, M, ) (‘“ h
assummj (hv -,u) 9 /cT‘

jf e assume . Simply that oV M T = alv, 0, T, then

+he  [uminescence 15: 2.2 -
= T Sty >
: L A L ()"; /b(; T) == Cﬁ_(yz 0: T) e }W'/k 3 ( oz e}k cr)

* Indeed, for many matenals (e.g. Ge, Si,

Gahs). the luminescence rs found to obey
A de . e—lw/{c‘r

Jumingsaence.

/ﬂ'fegmﬁzd. over the. spectrum, this js wntten as:

bso rp-tion,
Bap = 4y ol Ly) c> £
lumi pescence = a (T /KT swn'e® . er
Yadiatiee law of 3”‘1 > = E._}L_ fﬂ'l/ (V) G _té 2z
recambingtion ;‘é_%m zvl
2| B = @ f Ay olly) P el

_This is the Shockloy- van Rovsbroeck be!a'hon., ki ives the radriative
‘ toefficient B.




*. Go back o the exact expression Ly, p) = oLV p) BCY pm)
and ﬁeamnj_c i

e — (W =pd/ eT
 xue Ty ~ LlupT) FumPvE ¥ (e - - 1)
ol A — —— - ' -His can be Mjaf‘w{
| S— . [:._,LH)__. el kel gl mebiigoads
N _ot(l’) ’ Thrs expression  suggests that
-~
< i > hy, %<0 and there
_ 5 qain !
5 b |
W%, -
—
- Sqim

*  Find an improved appwgimation ta oV, p, T) in ferms
Of (¥, 0, T):

Syt |

A,.( V.; /{(,r T) == = - T2 OZ(VJ }.{; T) an h?“)/kr =1
PSR 3 _e“(ﬂww/hr
- C-_’. Qé_(y‘fﬂ; T) L] /_ - e(ﬂ—hl/)/k'r
T (7)
A-pp.m.xima:han_.. Juminescence Saturates »
o (P ~h)/ET
' 5,."'——-———""12")' Cpt— !w)/n‘r
Ldv, pu, T) = “ar &y, 0,7T) ] +e

/ e(,a—hi;)ilq”
T
L—) C{-(Vzﬂ,‘r) = &V,0,T) - |+ eH hel 7kt

]?'h'mu/ ated emission ra Sem r.‘conduc'l-‘or.SJ.

% o £ * Under illumination or the application ﬂf veltage,
o = two: Fermai lewvels exist ia the Semiconductor :

| Eq }ﬁ‘“ __ore for electrons (Epc) and ore for holes (Erv)

' Their separation /'S the chemical potential:
hv = Epe - Epv

- The emission rate s given b}f Fermi s golden e,

/
S o CB / V8
T = ﬁ; } [ dEJ’ \ Jam'f(dens‘r-ff af
dipole Vi states

matnX elementt




= Photons have large energy but little momenturt relative o the Charge
amn'ers 1 the matenal. _Tlf\znefo_rﬁ transitions of elechpns fnd to
_preserve The  momentum Cor k), and Fhe dispersion relation rs:

K hAk® e
I e Egut vome ¥ Fwey Lo . B
e Et = h?.kz __L _L ; e :
o | = kg * a._'mc*fmy S LT
Phofor\ electmon = =

g S ___'!du;e;i mass oy

- . The. JOm‘f’ nLa,nsL+7 fmw Is cq!culafzd H.S‘Mj *f‘}uz r\educzd
effec-h»e V1LY AV ST —

= SPM"
AN = gkt Al v (%) v 2
| =meafy 34 T FI= T WP DR, B, . LS S
) % E,Jc_?__dk )
. - ; PK = .,lE.z; = #lk
: Hlstian. dfsper.swn E = 2m, _ dE = dk
- — "‘aW (ﬂmrE — ’mP ————— _,,,13/3{9_5)/1 —
~ o - ? =8 ¢ mE = T[> .- k% |

The met rate. of: electmnic excitation Ik :

L iw ElL a0 - foa-pol

s AT e i e R ]oc,.v__‘ Fermi-Dirac
upWard' Obm'?'-‘vﬁf‘e{ accupaq(y -
fransitions fransitipng
' Q-Tr 3, dN
: & (fo N fo e
=k \ o __
r = ;.,LIMI [_eva Bl kT s | ¢ Be- €F=)_”‘T+:_} = o

» This rate divectly gives jhe absorption coefficient oc.
The sigh_of the absorption coe fifrcient & deternived by the
bracketed fem B ] |

EEE ey =, g TR Be B g L0

. g = EFC < Ey —-EFVY

E. - €y < Epc— Epv

Gain accurs :f-‘_




Since Ec; = k= Ey and = Erc —Epy, the gain cond( dten

becomey = PENGIRESST L e :
-.LEQ = hw < M

_This is the  Bemard L?M.rufo.ﬁ condifron. . /f this I Sa-i.ds_-f‘-'ed,,
there s Sufficlient. .,o'op.ula_-tr.‘an (nwernovl  fo prowde 7am.

< Dre d:-ff culty 15 that fhene 5 as mmrz‘!"y in_ the e,ff‘ecfwe MYSS of
electrons and Ho(.u.r S0 the Fermi Jevels are nof

Symmetrc about midgp.
2 laads +o_large electon __o.!ensf-h/._ at threshold
> large Auger recombination .
Large Fhe shold  cument olensity
« It s possible to reduce 'thc._.salkem"f af This (ssve
M.Sf"?j strain, which  breglcs fhﬂ.__Je“&mCY at the
yvalence bane minimumt
o Holes nt the valence bawd min]mum ‘tmd to
Ae.__ifg. ht holes wunder Straia., mafqng Fhe

bends _more _ngmm+n'g

IR e
N rass

~(aka_Ttransparency).
. (Consider a gmn—mm well at threshold, with me < my :
20 conduction band 0DOS

\/ - Etecrm otws-_ E e‘“f*m ' i 4

Epv =< - — = - @ e
v a _ :__‘/; /+.£(E‘ kT Tha yE

s Me
21 ghgte whe KT Il s e T) = = A

Sim f'larly y +he  hole dws;'f,, 5
f - 4 i iy — AT
| = ﬁc ¢

Pr BABET ght dE s TmhE KT
Me A

A+ Aransparency, My =Py s N.gur‘ned. '/f gy = b, A x| 43kT

and the cameér de,n_sf'ﬁ, at threshold 15
Ny % [0 I.'z.',/cml (2p) ==
Ny % 2w (0'8/cm”  (3D)

This leads o largc Au’er recombina tion
Thus, ifcreasing o= Improees
’ﬂSgr efflcmn cy




Zero-point Fluctua+tions and Spontareous Emission

Quantunt.  harmaonic _oscill ator :
3uqmﬁ2a.t:'m
well Y =

_prelude to  discussion of second

Cansldw.r an_ electhon  (omass em) in _a Jpotentiaf
2’M&u¢,x. The Hawil+onian s

2 2
. 7‘{ = .2mp_9' + _..J'i.'q?’lw,g_}(. i

Introdace. new vanables

_ - J _—_G\IZM,'E Wy )o , —;E J—f%i%_ﬂﬁ _J-JZ?}TQD P

.Thm: ¥ = |3m (n. +a) . J (atea)
© Koot ‘H’Lﬁ‘. Hamil[Honran:

— I W‘kwo I 2
()‘[ = am (G —a.) ) _E"*U‘Uolzmwo (af + a)

= ___4_ (/.a"'(—aa~m+,f>_ kwo(/d(+aa+aa /)

1

Fow "
(H_ e 1‘2( _a._a,_*__+ _g_+_a,_)_ Rt _z{woi ata + 2 )
Fasy fo derive +hat [a,a] =
—
Now Ca-!fA N = afa  the m«méer Opef'ﬂ'f'o'(‘ Wit r:rjenvafue n

Nlm> = ;|nd

s .8
Number Stute _num?rr‘eu'ag:nv'.lve

Then  Natlmwd = ataat/m> < at (a'a +1)/m>
at (atalmy 4 [m>)

at (m+1)[m>

(m+ 1) atlm>

o +f‘n> has e.ajenﬁfotlhe. n-—l, mreﬁme, mm/
that a' Js fhe raising operator

i

Il

i

Natin

, _
~ Jimilarly , Nalw) =
<« fo @ /s

(n=1)aln>
the [owennq operator




= )Iv_'h_afi‘____i_f . m< 9?___ T CAE SRS e
L] Nl mp = ./%a. N‘)L-.n, 43R

/ ?&L ( RWO J' ) _}én

1
’Vl""“-'fi“iffo/%?'f%a = 3 >4
Hmfwe N Cannot be mga-r.me ./

wa state M =0 represents +ha baﬂbm of the laddey :
Nal'n Gh = - Ph  Thice s waean. s Chd 185 = @,

o = _ £ ]
2 0 = .;tmgf}ffw VYo &°F —F =  Fuwy .~ 3
= ED. = ﬂ,:.i'k“)g
This is the zerp-point  erevgy !

In 3..6Mr‘af, H = )(L'Wa C}Q + 2'1,) [qu #—.Wa (m + J-‘i )[

_OJI 23;-:-

~ Anafajy +o e&cﬁvmagne"rf'c fr'e.fd.s: Jecond gmnﬁ‘zaﬁm

Consider Maym:ﬂ.s e.gua-fron.sl e o8
ngzﬂrza?'i - §¥§=_S%‘
VxB = 2t3e —> c¢*kvB =~ 3%
Make the Compansen o eloctmn. position and o men Tamt
Wl = hof= = & o ExE o - 5%
mP = 7% > ¢*kvB = 3%

Express Fhe Second pair af egua-homs in Hews of the ressnance

fN.SMmA; Wy = J:k,/m Celection), = ke (photon) !
N a5 - 28
r = & > - 2t
) Ko X d€ ke ¢ .’H‘b..

) (wo/ks) p = %-% «>  (w?/k) B

M

<€

Thas Hhere 15 an am/ogy betmeen  Fhe .3uan'ram hawnpinie :
oscillator and -Hm e&cfm?magmfrc Fietds ;. with
E > ¥, A -i-;p - The analogy betweesn fr'elds and

operators iS ca!fcd _Second guantization i




M = # phofons (7

+He f.ua(
J

- Thus, the eperyy  in The _electimragnetic ],Cff,_[a[ must- he
gmn'h'acol ta_fhe same way: Ly = how (m + %)
This implies +hat eren in  Vacuum Hene 15 a fr‘m‘{z ,
amoun af _Zerp -po/nf energy .?’_ Ew = Eg (not _otscful _far doing

- The zem-point electne )Q'ef.d mSrde af oo volume [ 1x:
_ — T e e Sagamtre na), L
Agao,i;:__y__:?:_. i 1 € = Jo2gv | (BMS)

Buantum norse . : e
The tommon expression.  For Johnson noise 1a_ 4 pesistor s
LAV>* = 4KkTRAY where 2¥ 15 the bandwiath,
But if hv = KT or hy>> KT, the expression is_ modified to:

_ hy .
lcavst = ¢ [dhy « gwoer—7] Mv}

_/ L \ Standard
—Zem-pornf Johnson~Myguist
fluctuation COM) (elassicaf )

To obsewe p?wmfum norse, elther ja fo hf'yh f'\!gv‘&nc:‘(} or
low temperature 1o ..Lm‘n‘:fy_ > kT

| Spon tareous emission e’ & =
» Secead guqn_h‘zafmn_ implies +hat the electromagnetic f:‘e_!a’ 15

,,guanhize.ct into _number stetes M =0,1,2, ... where m 5 +he
’Ylumber-af photong and m=0 1% the EM jlrpund state
Transitiong fkum an_electmwnic ( e.9. atomic) excited s+ate o
lower state will Fherefore he coupled with wpward transi+rong of
the. Electromagnetic fre fd from e ground state (no photons) 1o an
excited stute (21 photons) X
ﬁmmfv»{, Yot uun. flt{ci‘uq_-h:an.s ia the e'(p__c-f.'vom«jna-{-ac. ff‘e(a(.
give nse fo elctronic transithions 1 This is spontaneous emission.
The. jn .rfﬂf.‘fn.f?a raany  directions fn which a photon can be emitted
means this 5 an IMerersible procss




abS"M' Lds
coeffr ]

ot

Methods of'. cal culating:. the . spontancous emission rate

.Béﬁuici_ﬁﬁlﬂrcmj e ma® s s

The (:Cec‘fmrnque'f‘r; eneeqy. m.sn’y i BT fg"f\d porey
Fluy 15 ¥ o 8 =.—;,:w41,£,.,22 = g€

Detailed balance dictates  that the rate _of absorption af fhrs

e,&c-fmmajmﬁc power s esumi Fo  the yvute of Spontareous Lyalssion .

fpm-}amous em:ssron omSes fmm., 4
—

gp tos wWE = .12 erwt + m \ £Ms Fnefd

u.pwarul g dovanva rd

- The rate s jwe.n. by Feras's d«,‘m!ol.an rale .
rat = %_}(3}(___3__2’,)}3';‘%

© Now jwpose defauiled balance,

9 L8 AN
o x ems € ('E' <g>r 285" ZE ) Hw
a7
s TaL "St—!<gx>/"‘ ( ) HE. Fow
cemeg, €5 = ;qL Ql. ) /<gx>1 .%%_ T
o wil<gx>t* aw
o = Tm 3¢, dE

. /n,-tegm-u over the spectnam., Using the. ...@Q.&Mm..«g:m-f:f.c den.r.ifﬂ'f

0t States: 28 g |
/ _ frny dv ,,_“f”’ h/ET _ |
i ol ¢
s, ' T mf<};x>‘f2 AN FTm ™ m) iy
Jportaneous 2. d CZ.
e::ns-?ron (fﬁ&g—?ﬁ e 3% =
[
2 wikgxi>  m (_i‘_’ _Jw/k_r
Wl & 08 VA AN

¥ Consider a +wo-level system., . so. dN = 1 (eliminate ;'ntejml).
Also, ignore the egporential fuctor. This is dubious .-

-3 .
2 TMw {
L= g,08 I<gxsl

K3 l‘!“*"r‘;lam-w_""_
it K. =3 e/ Eoiics betmeen states o and J

- =L,

- hv/leT



dubious

Second guantizahion wethed

= /f we ngorpusly go through the Second _guan_‘h'zfq‘.ﬁovl_._af the

electromagne fic fields (operator ffe!a.’s.); we f!"!q':

o N I TE R S 5 TR
A _g_z__—&_ |2VE "(_dk_ T 4 A e’ ) k\ arbitrans
pol’aneq-han.
} _jEF E RN
_‘=*q1. va_(age"-—qk_& r))“f

= Ajam, use Fe.mm.s jofd_m mle o -fmd 'Hm ‘h'&ﬂ.n‘*mn rate

. 2r A N
L= ;&,/<.M</g.k:_‘£ Ia,n})_a._fr% .
/ e
final state : 1 photon ia EM Jied ""*'“‘ stute: D photons
Ground electonic - i Excited electwonic stute m
state K . B
= Insert expresSton _for L ) i _ polanzahon
. . . — , ‘/ ﬁf-e.mdmj
iR L_ o 2
£ = F <Lkl 9x (aT=a)lo, n>|* m2ave, ' dE 3
:
—— : M S . - o _k_sf:aq_ ;. N
M_._d&m.s;fffy. _e}.e_ ﬁ._[c_c.:tmmnjﬁe_-h.ﬁc wmodes IS : / i “’;fﬁa : -
polanzation
P ar \3 J/
pnkta JOEY |2 D
= — L 1
$w ki dk * 4xd

< optical DOS

The Spontareons emission vute (g

ke miuwty )
L = ic /3%‘.&} 2n?Vey,  Hein* 3

| 4 |
A = 3 frkges lgyarl

' g e | mwo?
This 15 The Same qn.sme,r B- . i 4rE, e ® J

2




3)

Dipole fluctuations i simply start from the waovewent of churge

“The - 5_am_ml__ expression: 'ﬁo_.r_. the  retarded wector gotemtral IS :

o TCR?) d3i’

Alg) = 4 lx— 5% ) cument at. ¥ . obsere pefential at *

whare S T a0’ = Spv 8320 = ([pa% Dy = gy pra singe
; iy =Ll ——

There fore. the potential from an acalerating electron IS
v ‘Coulomb qauye a4 Mo gl;’

/(= e ) o e — E"‘"ﬁ - Frcr

drstance. Fom ectnc field 'frm acalerating electron

elcr;-l-mn a 2 . a

o Ceo MMy § V |

" Radiated power iIs:  (N& £ = (4m)* r* ¥ §in"0 < dipole f-’_f'f‘ccffm'.‘f;

anea . |

}nta_gf'a'ﬁg. over Sphone of drea. 4rr o __El claims. sint0 arereges
UL SC TR SOk & - +0_+h/:.«-_ -
Y ng v 2
Prad = 4wr PE(ET Y > "1 ¥ T
= Heldw o o 5 3 fwgied = 3 - Awg e’ .

Spontancous emissSion rute /5 :
3 .

Prud a lox | *>-nw®
L = hw P }._CpF -2 4ms,hed

¥ Thic differs from the previous results by a fac’f'ar of 2/
To account for the Mr'ss:‘nj chfar,_ we  must realize that
the ground state Is a fluctuating dipole, which

must mdiate.

© The Zem-point radia+ion wust be absorbed, and leads o
additional spontarcous emission ( “stimulated " by 2ery -point ra_d-'crh'an_)

S
hw

# Absorbed photons/ - o 7
time/ area. = of -+ M - energy deasity - /
s 1<gedl? _@_x) e fwr—
omg 3 dE) M 2V Rw
/ N 2en “Pgin‘f'

- S method 1 See method 2 trergy MSHY

1




é’y oetailed bealance, This absovption gives nse ts spontaneous
emission  atf the Same rate..

Aaﬁ. = 0ng, 3 hedn® — m 2V  hw B
= e S mw® B
bo Yo vrod, 3NF8Fe, I l(gx)[ 3 4ng hed o

Thus, the CQWmeed r‘q_’Q_af Spontareous emission 15 :

- i . . B - e, _i_ <!g'k‘.|:>2'ﬂwa . = ; ——
L= Lo v Lzp 2 L = 3 4n5 kel |
N\
"classica|™  Juantum

This 15 consicfent with the other wmma-thods

Coherent Detection i This ic a. w_qy_o_f_ _detecting very. small
elo cfne ff_'e_{d.,__ inelu ding. Vocuum . f{&m:{' uationg

¢ Co&s;der a doub[e balanad miyer :

= gﬂ Jagé'if[_ai‘i?‘ ) _ i . FUR R
I T, AR § L AT_‘rbo. aLa.&do!s ﬁ\-z power IS

5 B f;a,“——gﬁ. ’ . n B.&?MSP”‘{'&: : \.
il : .\aeaﬁ“‘ = Dy .~ N\ There (s a |80 phae
signa splifter ;Z 5,_, !a / .Chanﬂe d &1 dwve o
i Py~ reflection. There is no
Such_sign C_han_ge m
EN f:—b__) - & duve to an anti-

» f I : nef[tcﬁ'an cud'h'nj
T I'nel s:j nal 1 -

| [+ Eul® &=l
b = by = 2 ~ 2
‘f;a'* 2¢ &0 cos ¢ + fn,t "53 ~ 2 & cos ¢+ f}..

2 V= FCT 2

f

Putput : \fg_ £ = Qtfs €y cos j‘

/" \ '\_’mla-me phase

~Siynal local escitlator
C!w.ak) _ (stmng., controlled).

¥ A weal signal fg can e mad,e_ Y\e.adnlj_ detectuble with a larqe local
pscillator fie(d o




Consider the case where we do net sead o signal € (nto
the signal port. In_ fhis case it s fhe 2 erp-point f[_u_c-frt_r__q'l_-fm._
that mixes with the local oscill ator

.. L.'/{,QL 'Phntbns_

: [‘7 &y = am  field goes as the spuare oot
- s ﬁ/_;. of the number of photons

I

L
i

= 2% 'ZS cas. ;Sl Hme

arerqe

LA =2 [z [Va = o

+ Epen :'f the. local oscillator ( 2m phofons) has no shot noise.,

me still expect a noise at The output _of Jan photons as +he
Zerw-point noise enters the ..S‘.y.s‘.ﬁu;n

¥ The hoise of g &I .dzz,fn.'r\es_ the Standard gmnfum [ienit af
norse in_an_ opfical signal

Sguncezed vacaum : i+ s possible for the moise tfo go below th
Standqrd .g,.ua.n“hlm Jimit  while stil| .S‘af'rkfyr'lljl The unc&r%’a:n—l‘y_pf)_‘dc;pfe.
o+ As covered 1. Section. 4, @ parametnc  oscillator can .am.pf:.'.;n.y the f:g{af

along one axs of the comply plare and attenvate (+ (1 Fhe other

) _ . A Im €
pam € szmzeium b p increased intensity
. / VRCWAT ‘!f nowe.
| (B
< > Re & o <~ > R ¢
_r;mlﬁp"ﬂ..h'f ? (ﬂ,’.
A beal sseillatsy o P T
unsaum \ /}ﬁ. demqsf;&:m“(
o Jn .C:henaiﬂj. the phase .of the local Morre C48)

oscilfator, the Quantum. noise in +he

5*&:&4:!‘6\
uiA
field :'nfznsr‘f'y (ie. amplitude uncrfainty) %T;‘ +
Can go above and below Tfhe stzndard 4 i ; _'/
fuan tum limef ! ——> phose
* Jn a oefection gcheme such as +he  double £

balaned miyer, noise suppression Is further [imi ted by :
= Quantum c-Hff'c;en;y af detoctors couples 'L;m..S%mmed

g Wahefrmf matching ( .Ih'merfr_c-!-. ransmission) -~  Vacuum nto “system.
- Absovption proesses - Reflections 2




== E)rp'.\eSSfﬂ? the electromagre fic f:‘efd . ferms af photon aumber states

* A coherent state 5 one that has mralmunm waertainty n the .
componen s c?_f +he _ef-f—c‘fmmagw'h'c f;‘e!d L -

. pul 2 e
> = g" -zl Z ;? /m.> .
/ S Photon Aumber s+a't¢ or
Coherent s fate field _ Fock state .

- Therefore, @ coherent state 15 a superposition af !"Iffnf'&zl'y many
txcited photon States 5 .
- The mean number o}c pho'f‘bn.s <almla> = /05}9-
Var'ance ia photon number IS <anz> = [«/?
> _O_bey_s Poisson Statistics !
- The coherent state with amplitude [l 15 a displaced rersion
of the  ground photon numoer state [0> ia  fhe compley plane

v A __J%gz.md_s‘fa'fz 1S _obtained .;L\mm applying The Sgueege operator \3‘\- N
fo the vacuum state (0>, f‘&n._d;'&p{_an'qs rt by the f.:'_e!._o.' :
Am plitude

- The sgueeted State /s a Superpa.sr'h on of onfy the  evem - nqhﬂbemd
Brclc stutas-Jond. o TN
= Canbe gerorated with o parametne omplifier
- lan dlso be gerevuted Yia the Korv effrct
Im'i.
= Mediamt impacts  an inten s ity - dependent
phase shi{-\i— to Yhe beam, which causes
@ inifial S iag P -
'r‘ /—> IE} per-fed-l‘r krows

/ 7\ ¢ Complotely unknow
- A pure wumber state can ke T .

considened o 5‘5mzed state, but KJ Img
olecton ad
\ corneld

may.noct be at the ll'nf.'\l'*}-.uf '{mcar'i'ain—l?- n s

= Qi clams that light emission  with aoise below Jo__=8dm ¥V
/ the Standard GUantym limi# Jw Js possible Iif
fed by metallic resistors, which HNave Sub-Foissonian
e Shet moise /f the emission 15 not fQ.ST —> Spaed
> _ afA) . |
(e’ll_) s Z(L)‘Ltﬂf erlaua.h to de-comelaty The electrons / Trelay

sub - Poissonian
Shot nolIse




| Purceil e_ffeﬁ |

* The Purall effrc'f' {f:}:;-f articulated 1n /946) ic Oon'reﬂﬁbwe”?/
defined o5 the enhanament of a woleculels rate af _Spontaneous
emission by the effect of ifs optical envimnment

= Howerer, _if may ia foct be a much mae gerecal property
of circaits

- In fna spaa, +the Spontareous emission rate has been derved
s e S 4 Igxl® w?
Tap 5 . 3 A 0ng, el
s i+ different inside a. cawty ?

= Consider +he Zero-poinf field in a cavity. The tofal erergy Is
hql‘f of a photon : Jéo £%x) Y = FHw
" The peak field Jn the cavity 1S reguired to calculate the Spontareod.s
emission  rate usiag Fermi’s golden vule. To obtain this Vvalve, defive
e the. t_ffechv'e volume :
f Lo £2(x) dV
VGH = & g?;'qy ;
This mgans that a ooy with size Vef’f jn which the
freld s om;'formh, Eray  Contains all the energy

/o The cavity.
Thu.s X 5 lé\a E Q-CX b) JV o -kt\) .
Emay= & Vet = 25,eff

~ Then Femils golden wile 91 ves
e 5y a

= —ﬁ.—/gkgﬂmx.lz % \/
.l bandwidth of cauty

2T fw =
I /33‘}1 25,Veff © hA

!&.
2t - v T Q ==
= & Veff /gx12 VN = &k /31{12 Veff = Tsp

4

Sponfaneous. . emission: veite in a cavf'l'}/,,




. The resulting enhancemens factor 15

Fo = Y Tse.cavity ( Sk N 2% 1 )
. l/.rsﬁz.f’!@!_f.mm 4 lgxl* wf‘.) e
- . - o o 3 ‘fTTsp ) tcs )
e e e i_-*@'__ _é__‘?:WShC _ LS e = -
=k Veff o+ w? :
S £ i ¢ e =
FP = @3 Vegr T 3x"e? Brict Veff .
- : 3 ()8 )
¥ Ruell factr = 8 {iep/ CL

This 1s clese, but nof pnecuef? cgua! to  Purcells onjmq({y pablished
enhgnaement )CM'Far‘, which

_._ _ Lpumﬁ factor = -f?rn- ( £ )Q R Le o cen dipal

7}1«’. enpr (57 a -fac:fbr o

effedrm volume Vet
Wwhereas

.-a.) s pmbably due fo _+he definition of

m the - guantum. _mwechanical treatmemt,
Puredl’s onginal devivation was classical

711(, Purel e'ffcc{- 1< awuably Qo‘fhmg more than a 3:mp[e cirewit praperfy

A LC circut is an electhomagnetic cavity , ond the tffecting volume s
_the volume be fween the copacitor pla<tes.

A Sw\gle c'harge. 2 oscillates  (with dipole moment gx)

_between the capacitor plates ., }}C v<d, tThe
ckarje induced on the plates is fm ctional, 1n a
stafistical sense i gX /d

The @ s —

L
& = woRC.  ? R = wyCQ

* The power [ost jn the _caw'-xt_’_ 15 : el I
8¥/d 22 ! (.s_k)? d_
Ploss = ( ) wCQ G %EF‘ w® = T4 " HA wQ
2




‘ The dissipated power can be thought of as the power that is
“radiated" nte the LC cireuit:

{E xz?.m 16°3 = —L -
}0 = fr.° ._%I_C.EQ-—.-V'_

 Jf we divide H‘n.s b)r ?‘fw We get the Same expression fnr the
cawf-y spontfancous enission rate as e fatmd u;mj Ferni’s 3o(dcm
yale (up to a facz‘or af ) _
Howerer, +he point 15 that +he Purall e.a“'fccf is_an enhancem*f of

porer loss In any -i'jpc o-f. ehcfﬂmoghe‘hc C\awf-y, not neczs:anfy bf

Spontaneous emission guantum mechanics Is not neassary +o
descnbe (+!

J?‘hfpng .campff'qg_l t_cavity polanitons

| -

- The deniva-tion of E.r;a ffbﬂf!. Fé_t‘m{".s_gafden rule .J‘m.ph’cfﬁy qsSumes
that Time-dependent perfurbation “Hmaonf is valid. Howewer, in
cases af Strong coupling be twmeei light and  matter, -hme -dependent
perturbation ‘Huory does wo+ held.

- The .H'nmg cwphnj condition. s the same as The condition for ,.u.olan‘-{ovx_
farma‘!'wft (82)- N2 -

.Sy n s T 3

f e now Insert our esfabhshed comes pondamce. be.+w~e.m +he clase icol

pserllator mode| anel +he guqn'hmt mechanical mode( of hj'rn‘ ma-tgr

intaractions, we have :

Mg* Ng® 1<l ylo>1* 210, -

- Mow consider a camfy f.m‘lame, .Keff ln_which the 2erp-point
field amplitude is %Zp The oscillator dzmsr'f‘y 1 The Cm»'H'y

| be. repmitén  as:
¥ wiolecule

in it N 8ol €epl” j%
i N = Vc.f]‘ = NMm ('/Lﬁwa )




= Assuming M =1 _for simplicity, the polanton condition becomes :

2.8 ] ¢2pl” 92 2w - - - .
7!’.600 . F_ 20_1_3_ . =_ Af_i,gg I‘(X:"’z/gi!pjz > T?

——— _S'f‘rany .Ca.up[a‘.ﬂ} t _‘lz <xX> _’fe,o / Pe Q:_:}FE I

vacuum Rabi splifting energy : drpole _ -
matnx element ef“ihe_ 2ero-point freld

¥ The Strong coupling condition is satisfred [f the Vacaum Rab:
splitting energy is  §reater than the ddrmping h/2T. .

= The emission rate in the fwo regimes are summanged as.:
Kk
) Strong coupling : /g dxy opl > 3% . .

i [g<x>Eapl
¥ Tsp < h

(wh.;f?) o o

2) Weak coupling : / gLx> Eap | < EE-E . Fermi's golden rule ho lds
e -
7 Tsp = % /.,g.,()!} gzp I : hAY «~— cavi-ty bandwidth.

Consider +he weall coupling a@se in which the i’acqum Paby
splitting  rectches the  band wid th éf The canty; }E‘fg{x>&|,[=by

Then we have : — )= g <> Bapl
Tsp = kK

This s ag _fas_rf as  the s+rong coupling case.

( Neta - J'f New 5 |, the sf'mnj mu;ph'ﬂg condiFion < modr'ff?d o
Nl g<x> Eepl > h/az )



&nfe,nnas‘ and Metal Ophics

__A_n.tgn_na_s_ tan convert electreal vower info elechomagretic radiation,

and vice versa. While most ommonly used v (and invented for) redip
waves, It can also be used at optical Freguencies

— e S—— i S
= | Capture - Cross section .. L2k 3‘;?':":;3
-+ ldeal tSotppre  anlnna: 0 = /ll/‘f-n, / : L - ) .
_* Pirechional entenna: Y AT R Lyl e U o > Pn = g- Inﬁznsa'-fy .

€. 4. tonsrder antenna  emisSion

- Emission anyla IS =

1 . - ﬁ_/.\‘__
2 & ‘ 0 = 2w/N = ara
K

» A 2_“' " 9 .
- Jolrd anj_{e N = VA d..é A sin 0" d0’

= 2m (] - cos 99’)&? —x

ed B onny o = 4x sint 5 l, = 4x (.zm)

ol e — Ir_,.(_k/_a)a'
e Emiscion (mwss-section 4 = e = AN/LR

87. recipmc ty, Hhls 15 also the capture Cross-Section

An. antenna Should hare _le.m__Q.,f emye o fr
N0 il

A low Q antenna has o good _capture
Cantenna _troSs-section fm’ a wide band _of
2 fmsmmcfes: this is desirable
The penalty foc high @ is in the
FERN: bandwid+h, moef the capture Cross
_u_"?. =¥ Jechon at the cemter fﬁegv\.u«cy

L 1Stance
- Recall the radiated porer -fm_m olipele f(u_cfw"rians (5%
In vacuum, . .12 '
2 szVf
Prad = 3 4me, 8 whene N = # eloctong

i

_ I ) _ [
(677,_053_) (Ng = ik (.Mrs,,cs)ﬁw}vgr)l

Prad = (T?,—J;_CJ (o %y)l = (5?;&) 5




*  Rodiated power Prad = 6ﬂ‘£ c-") I Ot e

]
— — — Wq -
Radiation n{._fr;_'fwaz Rrad = bey c-’*\
By. Mc;ﬁmcf'f’u the. cap-mmd__ppmr N TS PR S S TR =
— S :
L2 7 I.n'{:znsf-l-j = Iaemd = Rraa = p;'n.

- For f.l.')re.d voltage, ln.njex:_ wawelengths
i produte mone porer

« Express this. guartity for a. typical half-wave dipole:

4 _wg!_'f- - w ____,_ T (E'n'c) (_)
Rrad = brescd T &t bme® a, - é.-_. bme*

= b T[l S ;
= %; .énic‘ Z—M /; Zj) !??i).
A j_

Impedance of fnce
Space ! 3

« Howewer, it tums out Fhis s not th]"u.a.!!r. the  comect
ansmrer!

|n neq'h'-h(, the  cumant ts not qﬂifamf‘f

dictn by ted mlony--:lh:-an'hnm,_ mnddhe Frue
distribution js complicated. WV dlse have

distrbuted capacf-fanaz and Inductane. 4 more
nealistie. valwe IS : = ¥3Q £ g " 420

For an arb:'f'rmy Sree, WJ— ‘

¢ Cannof malce anfnnna +o0 much shorter than A,
Radiation resistance Will Suffer.

Cireuit model:

W o}g:: loss: - Reaiver wltage . Yin = J P - Rred
JVW‘_ = for magivum. frans fer pf pomer
éil 0 _ QL"""‘ fo._the load , [mpose impedance
Via (=) ad : » march:'qj : ’QL = Rod + Ro




8 @_ﬂ_?me,]"fs prnciple:

a slot artenne with a shape etched from a

Slab _of metal prmwduces -fhe same rudiation pattem 4 a plec of
metal with fhat shape

= The sfot antenna has less Ohne

reSistance because it has wmore

i mataf -
60w-‘ﬁ£5h1"

Bow -tie

Whu.]ekis LJ'mfﬂ: a lew @ s desirable, but there Is a Fundamen-tal
lower )imit to the achievable (.  for a smail ontenna
Consider a_model of on antenna as Fwo metal sphenes

Capacr-fqnae____(f_ X Sa

z| A |
Stored electn'cal erergy = 2 Y/ 20 ; 3 fi«:tf ué
. _ 1 | . = (I/u)®/ Lyt
B T)’u. @J:L. ——— S e -
— S¥ored _energy - = N S—
R = 2 X  rediated energy in 1 penod -

¥ The same o= omoe (I*/w’spa) = j* 6?[_-2_.91:_3
limit can be 4 T . 2 o
Aevived using | — -==——‘6 :;q = T %:— Wb e L
magqretic dipole. _ 0 C " =
radiation (with
a ﬁi{:for of 4' e c® ( ame v3 1 AR
difference .. ) = cwpdagl = 6xlel ) a8 = 6n  gn® a?

fQM. 4TE" ( >J Tfms (s a Jower bound ol antemna Q) .

B A small antenna rnmf_.hane o h!jh. Q.

If is_possible fo deduce Rorad fmm fhe wheeler [imif

1 - . iﬁ(:.f =
Q = WRadl i Rrud = wac = wc 3 A |
: T Y -2 6%)
Rrad = Smegpa 3 )3 = {FH 3 LA

2

Same. prediction fmm _be__fom./




retic jnductance| . in metals. 3 Aeveseson

* Antemas are generally . constructed from metals. Now let’s consider -the
motion of electne C_hargc m.a wmetal, .&Specml.}y at optical
: fmgwn.dﬁ; o Waves of electrons fn metals are called plasmons

Consrder bulk. plasmons

ie

Apply Newton's law, F = Mma
9 & = my

2 The. electne —field is given by Gauss's law :
Eﬂfesrdl fom: S & " A = "Ng A x

- .
|

v , .'
(W

— = 'Ng ¥
CPT0, (VPRI . SSRFTAPT, RN o TR | SN L= =
We then have . Nt
- /) = mx =— mwx
T~
— S WX = mgy X = WX
o e
Bulk plasmon )CNBM'W? 5owp = )ﬁ?gﬁ
This is the ruate of collective _c.hakj_e oscillation (1 a me+tal
= Try dneating the problem jn fe.mi_of_ Circuitelements
32 = ’m.\.f
ial — 5
pomtisl == o | : P
g = N-A-E. ¥ NASV = (NAK dt

=f.az2

2

S
¢ = *.Ngﬁ"ﬂ""f?l— - —Lk".%

] AT Vo Y e .
This ..guan#r.'fy. resembles an Inductance. 1T (s called +he

Kine tic inductunce Ly ms 9
(LJL = ek __/(—J

© If e Jnclude the capacitance associated with facs charge
disfrbution, we have art [C cireuit ( [gnanng Faraafay inductunte )
Yge  Lasonagnce fneﬁwenoy 1S ;
b8 ) | Niq_g _‘9_; N % =
wo = e = m9 T &A T mg = Wp
Thus, tis ciccuit adeguately describes

bulk plasmans .




The Kinetic jnductance

s an. Jnductane thaet s dttnbutsd Yo
the inertial mass o

f electrons, This resulfs

n_a olelqyed
response of a metal to very high freguency electromagnetic
excitation ]

- The kinetic i/nductane can also be denved from the expression
for AC .C_o.ﬂdt-_{_cﬁm.'*y o_f a wetfal ¢

e ()

"L | + lwT

(ped = frnctional term

The impedance of o metal wire is:

RN e 2
Z= 7 & = ngT ([ + iwT) A

' ' ) L ) )

y . Z = gty A ki NgE R
' ¥ | x S TN N

Ohmic resstance B kiretic inductance e

A metal contains hoth fnep. and  bound chargas. Jn experiments, “he
effec-.‘s of these charges cannot ke ,Jep;ami&d,;_,,MS(Kin},,L‘l‘,,,,,,p_.kgb,(zma'hb
to a(.e-Fme o relative permittint

Er. Instead,
assume & = [

what 1s dore is
(dubious?) and measune o lumped parameter knouwn
as the effective permnittivity Eoan

A S
-t

Fx/—{_ =

= T+ gle e - rZ 4 5 (&)
= (% b we ) & m (wESE
Thity ve bt Em = f0 ~ mE L pm TRETD

This relates the resistivity to
the measured  “permithivity "
'R
Wp_

¢ In 4he Drude model, ém = | =

w*.  Dsing this,. the Kiretic.
Inductance can. be dermved

)DI’OM 48

* The pemittfivty of a metul will heneforth be falen to mean the

effective guantity En. Care must be faken_not fo_use this in plae
of Er 1a MQXMHE elﬁua‘ﬁon‘s




]Eurfam_pia:. mon_d_ : BN _ _ C

ﬁfi— -~ :—-t"-"r‘:r'r ...7” A dielectnc
Lt == — St — ‘__...I__Ed 70

"//I P P & 47 d -"/T’ \L et

: A o R Em <0 N N

« It can be shown that .fp-r— a ware Fhat prpagates along

the. b.p_unda!y a.f a mefal and a dielecine, - Maxnell s esua-f'r‘on_f

gield the fFollowing dispersion relation.:

i / el e
K= "o Jo tw) sl |

according fo the Deude model.
Therefore: K = =

what happens at high fmgmcy 4
-.S“arface_ plasmons  do nof exist when

>

and

N P — —— - At low f_re_%mncies, Em. IS larje. Cﬂg?nr'fwc

the sguanre ot argument 1 quﬂ'm_

The Surfm plasmon fmgmn_c_’ 15 -

D = Fotwd v+ & ¥ Ewmlw) = = wr = —§4

_ﬂf__l
? [:(Jsp = ot &Y

Surface plasmon  Tesonance

(!f Q‘l; Wwsp = f%)

0r+h03_onql fo the interfuc, the Surface plaswon is an
expdnenﬁaf!y damgmj wape on both the dielectne and metal side.
The eyxfinction toeffrcient on  the metal side is

Hm = Jk*—-“z’%em e = T Clpisy =1
_mmfom; The skin depth a.f the surfae wave is

/
dm =  Km = %[k (W) Em

This ‘i purely q  resal+ fmu. Ma ywell s eguations, and does
not. depend on @lljsion effects



poral | )

n d’&ﬂ,ﬂ&

wawes |

Su l'fa.cf-
waves

{',.‘/_zr\-ea/

El = Imagina
- Thare ane. multiple Fypes of ikin depth associated i
with. sur faces of metals: 4 i W
sy ot Tt e 5%y c\J2Eatw)
1) Collisional Skin dep+h : Sm = WM T wl —Em]|
This is the extinction _Co.eﬁace‘m+_.ofﬂtfeq cument,
_ wost relevant in the mnicrowane nregime W T <[
2) Collisionless skin depth: dm = wlj—eq =~ wp

*_This pertaias to waves of high Fregreacy, above the

collisian _7.0..!\#. g.ue.n.cY of ele ctrons - wt 2|/
Cn Jo THz)

l
Z( 3)  Surfaa ware Sk.in depth: dm = JKE = (e m
This /s the peretratfion depth. a.f surfawe waves,

lf/a.sma nic transmissron [ires l

It is_often proposed that .S.urface plasmons should be used for
metal trangmission lines. To study this, Start with the
- Telegrapher 's _eguations fo_r “transmi sscon.

lires - .
A AV "
) ar
L A 3% = -2 = —L 3¢
— --AI—L - o1 av
¥ T T . 5 - =y = o5
————

2 = _Ax__ —t =

3
MI
1]

impedance / length
admittana / length

i 38
{r

* The coupled _Cg_umfﬁm.s can be Solved -
oA L - J2r x
dxt = —2.%? = ZYV 2 V¥V = Ae X w Rl 5

- From  his eguation e hawe fThe propagation constant = er
- We can qlso relate V 4o L :

3 - Byv --zt s> v-l|Er

B L=
Thetefore,  the wave impedance 5 {7y




parallel
| plate ‘ )
- Comsider +ha Case. of a  lossless metal transmission

line af
microwane fmg emcies

C :'9non¢_ Kivetic induetance )
The impedance Comas  frone Farada!f ‘nductand |

Z = Jwl

= e
- . . ngw.-hc fle(d 3 = _o'b_ ( Ampere s faw,)
400000 l/b’ L .By.famd.ay; Jaw, tThe gererated vottege IS
dy

—
Voo (B AY e dx) T B
Ny
. Fa «if
The odmittance anses f‘mm- capocriante .l Lr mmrfhm:&
C =g C(bdx)/a

2 From this, +he frans mission. lire parameters gre:

Lt pmpaja'hm constant

K= |2y erf Ywc) = w j(b ,Mo q Eo)
per unit fen3+k
(%)
k. = WJ&, o = ?

-

Jignal Travels at the speed of light!
Wae. rmpedqnca

\/I'W(b_/'-"g)/IW(—-fo) 5 \/ZEZ o

b
¢ The wave Impedance depends on '.qua.ma'hy

Changing the geometry trunsforns the  rave
impedance along the transmission ling

- Now conSider o pfa.SMam'c: Fransmission. /ine uUsing a S‘t'nglc prece
af metfal., Thue. are three comporents to impedane and

2 admittance -to consicler, These can be ﬁaund
DNV v

WTT e b To have the -foflamnj fomu (per /eny‘f“h)

= S P— e | [
e Mm-hcmduc-l'ancn LK = Ng* am.b CTTE Sl e Sm
¢ Capacitanc : O/ = 28kb

5 Farud.ay. jnductance s  Lf = pp/2khb
¢ l)sfnj & circuit mmodel with these
parameters, a. dispersion relation close

fo the  Magwell solution Cpreviously shov'n)
- _.can_be deryved. -




- The parameters _of The single - plate plasmonic Transmission

Jine. are e oy g | Py
- Pmp.a_gq_ﬂqn_ cons+tant : k.z = w? ( c* + &u'ﬁ(!-&‘m)&m)
' | y 2 L Ap [
* Wave impedana : Z = €7 > b AW 28

ifor k> wple, when Kinetic
- Inductane dominates
= The analysis can also be dore for a parallel plate plasmonic
transmission lire,  but s more complicated becquse .of addi-tienal
tapa citane and F_‘m“qdc?y inductance between -the Two
metal pletes.

d d
sagaet i oy S Pl Circuit  waodel: e /uofj;')ek

PP~ T.- - b 0—"35’?113"-—J | I "0
, 2L |_/2r‘n'x_, — ( —
Mo /Kb T 1 ol ) e
) W | .

-

« This 15 also close to The exact Maywell solutron.
The ware impedance at high freguencey is teice that of

the prenous case : —+—xg— i . | ;
. F . =b an 'ﬁ‘a,, (kinehic inductance

domiinates )

This 15 +he expected behavior :  at the nanoscale, whenre
b s very small, Tha impedane s hery high.. This. sujjesfs
the possibility of makiag a nano-f‘rnn.sfomr for optical
fmg.a&nc? 5:‘5na_!.s: Z o lf b -
- low
& impedance 5 B'Y Tapering the transmission line, the
impedanes 2 dr'uma‘i'l'caﬂy incheases:

_ hiah = Voltage AV increases, cument 4L
b= . / M pedanct decreases ., N,duc:‘nj 12R resishire
] / Josses in +he metul
p a < = .
it - - Increase in. voltage s occompanied

by an enhanement in the electnc
‘70."'3{0{




- For both metal wires and paralle| plate retul Fransmssion
lings, he following gereral rale applies o +he relative
importance of -+he df'ﬁ&mw]' Clredi't  componrents .a'on—m‘b_u-mg to

the impedance ¢

S— —a— i
_ ]O;AMF- el ; : :
wedrssr | L M e | B o= Rode by ¢ b
or pl@ Gt = —
\\J {
' D:aonm | ‘I Kinetic induc+ance bhecoves +he
. T dominant contnbation only for ven
mf ! : !
R :.,.r;:f:»:m e Small geometnes and rery hlgh.
VL e ) S Y e ; -f&swnc;u Coptreal f&gmnaﬂ‘ and abau)
107 10° 10" 0% 10® 10" 105
Fregnency (H2) This is Fhe negime Sl sl e

negarded as trwly “plagmanic”






